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Distributed State Estimation for Sparse Stochastic
Systems Based on Compressed Sensing

Rongjiang Li , Die Gan , Member, IEEE, Haibo Gu , Member, IEEE, and Jinhu Lü , Fellow, IEEE

Abstract—This brief proposes a compressed distributed
Kalman filter to cooperatively estimate the sparse state vector of
a dynamic system with general stochastic coefficients. Based on
the compressed sensing theory and the diffusion strategy, each
sensor first compresses the original high-dimensional and sparse
coefficient matrices via the sensing matrix. Then, each sensor
diffuses the local innovation pairs with neighbors to obtain a
distributed Kalman estimate in the compressed low-dimensional
space. Subsequently, the original high-dimensional sparse state
vector can be well recovered by the reconstruction technique.
Under the compressed collective stochastic observability condi-
tion, the upper bound for the estimation error is established. Note
that our theoretical results are established without such stringent
conditions as independence or stationarity of the coefficient
matrices and are thus applicable to feedback systems. Finally, a
simulation example is given to illustrate our theoretical results.

Index Terms—Sparse state estimation, distributed Kalman
filter, compressed sensing, stochastic dynamic system.

I. INTRODUCTION

D ISTRIBUTED state estimation has attracted considerable
research attention in many fields such as environmen-

tal monitoring and spacecraft navigation. In the absence
of a fusion center, distributed estimation algorithms have
advantages over centralized ones in terms of robustness and
scalability. Hence, many distributed estimation algorithms
have been proposed [1], [2], [3], [4], [5]; among them, the
distributed Kalman filter (DKF) is one of the well-known esti-
mators for cooperatively estimating the state of interest. Most
studies (e.g., [3], [4], [5]) focus on deterministic coefficient
matrices while paying insufficient attention to stochastic ones.
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In fact, the stochastic dynamic system is ubiquitous, and the
corresponding theoretical investigation is also of particular
significance.

In many scenarios, the unknown state vectors to be esti-
mated can be sparse, such as speech signals, image signals,
and solar waves [6], [7], [8]. Given the prevalence of sparsity,
attempts have been made to consider sparsity as a prior to
improve the estimation performance. One technique for sparse
state estimation is to add a regularization term to the cost
function. For instance, reference [8] presented a distributed
adaptive filter and utilized the �0- or �1-norm as the sparsity
penalties, assuming that measurement matrices are indepen-
dent and identically distributed (i.i.d.). Similarly, reference [9]
proposed a distributed sparse identification algorithm by incor-
porating a �1-regularization term into the �2-estimation error. It
is worth noting that the above literature considers the sparsity
of unknown state vectors, while the sparsity of coefficient
matrices is also of interest.

The compressed sensing (CS) theory, as an alternative
technique for estimating sparse signals [10], is beneficial to
deal with possible degeneration of covariance matrices of
measurement matrices (i.e., insufficient excitation), especially
when the measurement matrices are high-dimensional and
sparse. We remark that [11] and [12] incorporated the CS
technique into the least squares and the normalized least mean
squares algorithms, respectively, followed by the relatively
elegant stability analysis. As for the Kalman filter, [13], [14]
developed its variant based on the CS theory and provided
simulation examples for the effectiveness of this CS-based
Kalman filter. However, the rigorous stability analysis is still
lacking.

Inspired by promising advances in CS, this brief investigates
the distributed state estimation problem for sparse stochastic
systems. The main contributions are summarized as follows:

• A novel compressed distributed Kalman filter (CDKF)
is proposed to cooperatively estimate high-dimensional
and sparse state vectors according to the CS theory
and the diffusion strategy. Based on the compressed
data, each sensor diffuses the local innovation pairs with
neighbors to generate a low-dimensional estimate. Then,
an appropriate signal reconstruction algorithm is adopted
to reconstruct the state vector of interest.

• Without independent and stationary signal assumptions,
as commonly used in [8], [15], we establish the stability
of CDKF under the compressed collective stochastic
observability condition, which makes the stability results
applicable to stochastic feedback systems.

• Compared with the observability conditions imposed on
the uncompressed coefficient matrices [16], [17], the
introduced compressed collective stochastic observability
condition in this brief is much weaker. It implies that
even if the DKF in [16], [17] may fail in sparse state
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estimation due to insufficient excitation, our compressed
algorithm can accomplish the estimation task well.

The rest of this brief is organized as follows: Section II
gives the problem formulation. In Section III, we present the
stability analysis. A simulation example is given in Section IV,
and the concluding remarks are made in Section V.

Notations: For a vector z ∈ R
n, ‖z‖�0 denotes the number

of non-zero elements in z. The �1-norm ‖z‖�1 is defined
by ‖z‖�1 = ∑m

i=1 |z(i)| with z(i) being the i-th element of
the vector z. Im describes the m-dimensional square identity
matrix. Given a matrix X ∈ R

m×n, λmin(·) and λmax(·) denote
the minimum and maximum eigenvalues of the matrix. The
spectral norm ‖X‖ is defined by ‖X‖ = {λmax(XXT)} 1

2 . Given

a stochastic matrix Z, let ‖Z‖p = {E[‖Z‖p]} 1
p , p ≥ 1 be its

Lp-norm where E[ · ] denotes the expectation operator. We use
E[ · | · ] to represent the conditional expectation operator and
use P{·} to denote the probability. For the set L, the notation
#L denotes its cardinality.

II. PROBLEM FORMULATION

A. System Model

This brief considers a sensor network consisting of n
sensors. For any sensor i, we assume that its signal model
is described by a discrete-time stochastic dynamic system as
follows:

{
xk+1 = Fkxk + ωk+1,

yk,i = HT
k,ixk + vk,i,

(1)

where xk ∈ R
s is the state vector and Fk ∈ R

s×s is the
stochastic state evolution matrix. yk,i ∈ R

d and Hk,i ∈
R

s×d represent the measurement vector and the stochastic
measurement matrix for sensor i at time instant k, respectively.
{ωk ∈ R

s} and {vk,i ∈ R
d} are noise processes.

Note that in practical scenarios, including channel estima-
tion and high-dimensional data classification [6], [7], sparsity
appears not only in the state vector xk but also in coefficient
matrices Fk and Hk,i. Here, we concentrate on the case
where Hk,i and xk are 3t-sparse and t-sparse, respectively (i.e.,
‖Hk,i‖�0 ≤ 3t, ‖xk‖�0 ≤ t). Furthermore, we remark that the
coefficient matrices here are stochastic, while most of the liter-
ature focuses on deterministic coefficient matrices [3], [4], [5].

B. Topology Structure

The communication links between sensors are modeled by
a weighted undirected graph G = (V, E,A), where V =
{1, . . . , n} is the set of nodes, E ⊂ V × V is the set of edges,
and A = (aij)n×n is the weighted adjacency matrix. The edge
(i, j) ∈ E if and only if nodes i and j can communicate with
each other. All elements in A are nonnegative, and aij =
aji > 0 if and only if (i, j) ∈ E . Ni = {j ∈ V|(j, i) ∈ E}
represents the set of neighbors of the node i and the node i
is also included. A path between nodes i and j is defined as a
sequence of edges (i, i1), (i1, i2), . . . , (ik, j) ∈ E with distinct
nodes il ∈ V, l = 1, . . . , k. The graph is connected if there
exists a path between any pair of distinct nodes i and j. The
diameter DG of G is defined as the maximum shortest path
length between any two nodes. Here, we assume that weighted
adjacency matrix A is doubly stochastic, i.e., the row and
column sums of matrix A are all equal to one.

Algorithm 1 Compressed Distributed Kalman Filter
Input: {yk,i, Hk,i}i∈V , {Fk}, k = 0, 1, 2, . . .

Output: {̂xk+1,i}i∈V , k = 0, 1, 2, . . .

for every sensor i = 1, 2, . . . , n do
Intialize: Begin with an arbitrary initial estimate ζ̂ ′

0,i and an initial
covariance matrix P′

0,i > 0.
for each time k = 0, 1, 2, . . . do
Step 1. Compression: ϕk,i = DHk,i, F′

k = DFkDT .
Step 2. Estimation in a low-dimensional dimension.

(1) Initialization process of local innovation pair

ξ0
k,i = ϕk,iR

−1
k,i ϕT

k,i, η
0
k,i = ϕk,iR

−1
k,i yk,i;

(2) Diffusion process for l = 0, 1, . . . , L with L ≥ DG

ξ l+1
k,i = ∑

j∈Ni
aijξ

l
k,j, ηl+1

k,i = ∑
j∈Ni

aijη
l
k,j;

(3) Measurement update process

P−1
k,i = P′−1

k,i + ξL
k,i, P−1

k,i ζ̂k,i = P′−1
k,i ζ̂ ‘k,i + ηL

k,j;
(4) State prediction process

ζ̂ ‘k+1,i = F‘k ζ̂k,i, P′
k+1,i = F‘kPk,iF

‘T
k + Qk. (7)

Step 3. Reconstruction:

x̂k+1,i = arg min
x∈X‖x‖�1 , (8)

where X = {x ∈ R
s|‖Dx − ζ̂ ′

k+1,i‖ ≤ C}.

C. Compressed Distributed Kalman filter

In sensor networks, the DKF algorithm is designed to
cooperatively estimate the unknown state vector via local
communications and interactions among sensors. Note that
[17] proposed a DKF based on the diffusion strategy and
established its stability under the collective stochastic observ-
ability condition. However, this algorithm suffers from several
weaknesses when state vectors and coefficient matrices are
high-dimensional and sparse. On the one hand, the high-
dimensional local information is diffused over the sensor
network, which may yield high computational costs. On the
other hand, the collective stochastic observability condition
proposed in [17] is hard to satisfy due to sparsity.

To improve this situation, we propose the CDKF, which
relies on the CS theory to reduce the computational cost
and improve the estimation performance in sparse and high-
dimensional scenarios (see Algorithm 1). Specifically, by
virtue of a sensing matrix D ∈ R

l×s (t ≤ l 	 s),
the compressed data ϕk,i = DHk,i ∈ R

l×d and F′
k =

DFkDT ∈ R
l×l are obtained at k. Then in Step 2, we adopt

the combine-then-adapt strategy to obtain a low-dimensional
estimate ζ̂ ′

k+1,i for the compressed unknown parameter ζk =
Dxk ∈ R

l. Note that the original model (1) can be rewritten as
follows:

ζk+1 = F′
kζk + DFk(Is − DTD)xk + ωk+1

= F′
kζk + ω̂k+1,

yk,i = ϕT
k,iζk + HT

k,i(Is − DTD)xk + vk,i

= ϕT
k,iζk + vk,i, (2)

where ω̂k+1 and vk,i are transformed according to ω̂k+1 =
DFk(Is − DTD)xk + ωk+1 with ωk = Dωk, and vk,i =
HT

k,i(Is − DTD)xk + vk,i. In this case, we regard ω̂k+1 and
vk,i as the new “noise” terms. Hence, the sensor i first
diffuses local innovation pairs {ϕk,iR

−1
k,i ϕ

T
k,i, ϕk,iR

−1
k,i yk,i} with
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its neighbors and then performs the Kalman iteration based
on the compressed data with Qk ≥ Q > 0 and Rk,i ≥ αiId >
0 being arbitrarily chosen. Finally, in Step 3, we tackle the
convex optimization problem (8) to recover a high-dimensional
estimate {̂xk+1,i} for the original state vector xk.

D. Error Equation

To analyze the CDKF, we first need to derive the com-
pressed estimation error equation. For every sensor, we define
ζ̃ ′

k,i = ζk − ζ̂ ′
k,i. Then by (2) and (7), we have ζ̃ ′

k+1,i = F′
k(ζk −

ζ̂k,i) + ω̂k+1. From Step 2, we obtain that

P−1
k,i = P′−1

k,i +
n∑

j=1

a(L)
ij ϕk,jR

−1
k,j ϕ

T
k,j, (3)

P−1
k,i ζ̂k,i = P′−1

k,i ζ̂ ′
k,i +

n∑

j=1

a(L)
ij ϕk,jR

−1
k,j yk,j, (4)

where a(L)
ij is the element in the i-th row and j-th column of

AL and AL is the L-th power of A. Hence by (3), we have

ζk =
⎛

⎝Pk,iP
′−1
k,i + Pk,i

n∑

j=1

a(L)
ij ϕk,jR

−1
k,j ϕ

T
k,j

⎞

⎠ζk. (5)

Combining (4) and (5), we can obtain the compressed
estimation error equation as follows:

ζ̃ ′
k+1,i = F′

kPk,iP
′−1
k,i ζ̃ ′

k,i

− F′
kPk,i

n∑

j=1

a(L)
ij ϕk,jR

−1
k,j vk,j + ω̂k+1. (6)

For convenience, we introduce the following notations:

Pk � diag{Pk,1, . . . , Pk,n}, P′
k � diag{P′

k,1, . . . , P′
k,n},

Fk � diag{F′
k, . . . , F′

k}, Qk � diag{Qk, . . . , Qk}
Z̃k � col{̃ζ ′

k,1, . . . , ζ̃
′
k,n},
k � diag{ϕk,1, . . . , ϕk,n},

Rk � diag{Rk,1, . . . , Rk,n}, �̂k � col{ω̂k, . . . , ω̂k},
Vk � col{vk,1, . . . , vk,n},A � A ⊗ Il ∈ R

nl×nl,

where col{· · · } denotes a vector by stacking the specified
vectors, diag{· · · } denotes a block matrix formed in a diagonal
manner of the corresponding vectors or matrices. ⊗ represents
the Kronecker product.

By the above notations, we rewrite the compressed estima-
tion error equation (6) in the following compact form:

Z̃k+1 = FkPkP′−1
k Z̃k − FkPkA

L
kR−1
k Vk + �̂k+1. (9)

III. STABILITY OF THE COMPRESSED
DISTRIBUTED KALMAN FILTER

A. Assumptions

Definition 1 [10]: For an integer t and the sensing matrix
D ∈ R

l×s(1 ≤ t ≤ l). We say that the matrix D satisfies the
restricted isometry property (RIP) of order t if there exists a
constant δt ∈ [0, 1), which is the smallest quantity such that

(1 − δt)‖b‖2 ≤ ‖DLb‖2 ≤ (1 + δt)‖b‖2, ∀b ∈ R
#L (10)

holds for every submatrix DL which is formed by columns of
D corresponding to the indices in the set L ⊂ {1, . . . , m} with
#L ≤ t.

Remark 1: The RIP characterizes matrices which are nearly
orthonormal, at least when operating on sparse vectors.
By (10), it is straightforward that 1 − δt ≤ λmin(DT

LDL) ≤
λmax(DT

LDL) ≤ 1 + δt.
Assumption 1: The sensing matrix D ∈ R

l×s satisfies the
RIP of order 4t with δ4t being 4t-th RIP constant.

Assumption 2: The graph G is connected.
Define the state transition matrix 
(k, j) as follows:


(k, j) = F′
k−1, . . . F′

j, ∀k ≥ j + 1; 
(j, j) = Il.
Assumption 3 (compressed collective stochastic observabil-

ity condition): For any ε > 0, there exists δ > 0 such that
for any k, P{λmin(G(k + h, k)) > δ|Fk−1} > 1 − ε, where
h > 0 is an integer, and Fk = σ {F′

j, ϕj,i, j ≤ k, 1 ≤ i ≤ n},
G(k + h, h) is the collective observability matrix, i.e., G(k +
h, h) = ∑n

i=1
∑k+h

j=k+1 
T(j, k)ϕj,iϕ
T
j,i
(j, k).

Remark 2: Assumption 3 is expressed in probability form
due to the stochasticity of our system model. Then, we
give some intuitive explanations in terms of “collective” and
“compressed”, and these characteristics are illustrated in the
simulation part. (i) “Collective”. Compared to the observability
condition for the single case in [18], our assumption contains
not only temporal union information but also spatial union
information of all the sensors, which implies that multiple
sensors can cooperate to accomplish the estimation task even if
any individual sensor cannot. (ii) “Compressed”. Compared to
collective observability conditions in [16], [17], Assumption 3
is assumed for the compressed coefficient matrices instead
of the non-compressed ones. Thus, Assumption 3 is much
weaker than that in [16], [17], which implies that the CDKF
may still get the compressed estimation results stably even
if the non-compressed DKFs cannot fulfill the estimation
tasks.

Assumption 4: For some r ≥ 1, there exist a positive
constant β such that for any k ≥ 0,

(i) supk E[‖ϕk,i‖32r] < ∞, i ∈ V;
(ii) supk≤j≤m≤k+h E[‖
(m, j)‖32r+β ] < ∞;

(iii) supk E[‖
(k + h, k)‖16r|Fk−1] < ∞,
where h > 0 is defined in Assumption 3.

Assumption 5: For any k, we assume that
(i) supk≤j≤k+h E[‖ϕj,i‖8|Fk−1] < ∞, i ∈ V;

(ii) supk≤j≤m≤k+h E[‖
(m, j)‖8+β |Fk−1] < ∞,
where constants h, β > 0 are defined in Assumption 4.

Assumption 6: The initial value and the noises satisfy:
E[‖ζ0‖2r] < ∞, supk E[‖ωk+1‖2r + ‖vk,i‖4r] < ∞, i ∈ V .

B. The Main Results

In this subsection, we present the stability of our proposed
CDKF algorithm in the following theorem.

Theorem 1: Assume that Assumptions 1-6 hold. If the
unknown state vector is L8r-bounded, i.e., supk ‖xk‖8r <
∞, where r > 0 is defined in Assumption 4, the com-
pressed estimation error Z̃k defined in (9) is Lr-bounded,
i.e., supk ‖Z̃k‖r � C(δ4t), where C(δ4t) is a constant
irrespective to k and is positively related to the RIP
constant δ4t.

Proof: Define �k+1 = �̂k+1 − FkPkA L
kR−1
k Vk.

Then from (9), we get Z̃k+1 = ∏k
j=0(FjPjP

′−1
j )̃Z0 +

∑k+1
j=1

∏k
m=j(FmPmP′−1

m )�j. By [17, Th. 2], we know that
there exist constants M > 0 and λ ∈ [0, 1) such that for any
k ≥ j ≥ 0, ‖∏k

m=j(FmPmP′−1
m )‖2r ≤ Mλk−j+1, where r is

defined in Assumption 4.
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Then by Assumption 6, and Hölder inequality, we have

‖Z̃k+1‖r ≤
∥
∥
∥
∥
∥
∥

k∏

j=0

(
FjPjP

′−1
j

)
∥
∥
∥
∥
∥
∥

2r

‖Z̃0‖2r

+
k+1∑

j=1

∥
∥
∥
∥
∥
∥

k∏

m=j

(
FmPmP′−1

m

)
∥
∥
∥
∥
∥
∥

2r

∥
∥�j

∥
∥

2r

≤ O(λk+1) + M
k+1∑

j=1

λk−j+1
∥
∥�j

∥
∥

2r

= O(1) + M
k∑

j=0

λj
∥
∥�k−j+1

∥
∥

2r. (11)

So our problem reduces to estimate ‖�k‖2r. By Hölder
inequality and Minkowski inequality, we have, for all k ≥ 1,

‖�k‖2r = ‖�̂k − Fk−1Pk−1A
L
k−1R−1

k−1Vk−1‖2r

≤ ‖�̂k‖2r + ‖Fk−1Pk−1A
L
k−1R−1

k−1‖4r
∥
∥Vk−1

∥
∥

4r.

(12)

Clearly, A L is still a doubly stochastic matrix. By
Lemma 4.2 in [20] and (3), we have A L
kR−1

k 
T
k A L ≤ P−1

k .

By (7), we have P′
k+1 = FkPkF

T
k + Qk. Then it can be seen

that

‖FkPkA
L
kR−1

k ‖2

= λmax(FkPkA
L
kR−2

k 
T
k A LPkF

T
k )

≤ λmax(P
1
2
k F

T
k FkP

1
2
k )λmax(P

1
2
k A L
kR−2

k 
T
k A LP

1
2
k )

≤ λmax(P
′
k+1)λmax(R

− 1
2

k 
T
k A LP

1
2
k P

1
2
k A L
kR

− 1
2

k R−1
k )

≤ λmax(P
′
k+1)λmax(A

L
kR−1
k 
T

k A LPk)λmax(R
−1
k )

≤ ‖P′
k+1‖tr(R−1

k ) ≤ d‖P′
k+1‖

n∑

i=1

α−1
i ,

where d is the dimension of vk,i. According to [17, Th. 1],
we know for k ≥ 0, ‖P′

k‖2r = O(1). Then we have

‖FkPkA L
kR−1
k ‖4r ≤

√
d

∑n
i=1

1
αi

‖P′
k+1‖

1
2
2r = O(1).

Now, it remains to estimate ‖Vk‖4r and ‖�̂k‖2r in (12).
Since ‖xk‖�0 ≤ t and ‖Hk,i‖�0 ≤ 3t, we first define index
sets of nonzero elements in xk and Hk,i(j) as Lt and L3t
where Hk,i(j) denotes the j-th column of the matrix Hk,i.
Then, we extract elements indexed by L = Lt ∪ L3t from xk,
Hk,i(j), and the corresponding columns of the sensing matrix
D. Without loss of generality, assume that #L = 4t. Then,
denote the resulting vectors and matrix as xk,4t, Hk,i,4t(j), and
D4t, respectively. Then by Assumption 1, Cr-inequality, and
some properties of Lp-norm, we have for some L > 0,

‖HT
k,i(Is − DTD)xk‖4r

= ‖col{HT
k,i(1)(Is − DTD)xk, . . . , HT

k,i(d)(Is − DTD)xk}‖4r

≤ d
2r−1

4r

d∑

j=1

‖HT
k,i(j)(Is − DTD)xk‖4r

= d
2r−1

4r

d∑

j=1

‖HT
k,i,4t(j)(I4t − DT

4tD4t)xk,4t‖4r

≤ d
2r−1

4r

d∑

j=1

‖Hk,i,4t(j)‖8r‖(I4t − DT
4tD4t)‖‖xk,4t‖8r

≤ 3δ4t · d
2r−1

4r

d∑

j=1

‖Hk,i,4t(j)‖8r‖xk,4t‖8r

≤ 3δ4t · d
2r−1

4r · L‖Hk,i‖8r‖xk‖8r

≤ 3δ4t√
1 − δ4t

· d
2r−1

4r · L‖ϕk,i‖8r‖xk‖8r � C0(δ4t). (13)

Then, by Assumption 4, and the L8r-bounded condition for
xk, it is yielded that C0(δ4t) is the constant irrespective to k
and is positively related to the RIP constant δ4t.

Based on this, by Cr-inequality and Assumption 6, it is
yielded that

‖Vk‖4r ≤ n
2r−1

4r

n∑

i=1

‖vk,i‖4r

≤ n
2r−1

4r

n∑

i=1

(
C0(δ4t) + ‖vk,i‖4r

)
� C1(δ4t). (14)

Similarly, we obtain that

‖ω̂k+1‖2r ≤ ‖DFk(Is − DTD)xk‖2r + ‖ωk+1‖2r

≤ ‖DFk‖4r‖(Is − DTD)xk‖4r + ‖Dωk+1‖2r

≤ 3δ4t‖D‖‖Fk‖4r‖xk‖4r + √
1 + δ4t‖ωk‖2r.

and ‖�̂k‖2r = n‖ω̂k‖2r � C2(δ4t). Substituting this equation
and (14) into (12), we have for all k ≥ 1, ‖�k‖2r = C2(δ4t)+
O(1) · C1(δ4t) = O(1). Finally, by equation (11), the proof is
completed. �

Remark 3: For instance, let the sensing matrix D be a
Gaussian or Bernoulli random matrix, and then when dimen-
sions of the sensing matrix D satisfy the inequality l >
480t log(s/4t)/δ3

4t, the RIP constant δ4t can be arbitrarily
small [19]. On this basis, if the magnitudes of the noise and
parameter variation are also small then the upper bound of the
compressed estimation error will be small.

By Theorem 1 and the Step 3 in Algorithm 1, we obtain the
upper bound for the estimation error of the original state vector
in Corollary 1. The corollary will be based on the following
result on the reconstruction error in [10].

Lemma 1: Assume that the t-sparse signal x ∈ R
s obeys

z = Dx + ε where D ∈ R
l×s satisfies 4t-th RIP with t being

subject to δ3t + 3δ4t < 2 and ‖ε‖ ≤ C. Then the recovered
signal x∗ derived from solving the optimization problem x∗ =
arg minx∈X ‖x‖�1 where X = {x ∈ R

s|‖Dx − z‖ ≤ C} obeys
‖x − x∗‖ ≤ CtC, with Ct � 4√

3(1−δ4t)−√
1+δ3t

> 0.

Corollary 1: Suppose that D ∈ R
l×s satisfies 4t-th RIP

with t satisfying δ3t + 3δ4t < 2. Under the same conditions
as used in Theorem 1, for any given constant γ ∈ (0, 1),
P(‖xk − x̂k,i‖ ≤ Ct�C1−γ (δ4t)) ≥ 1 − Cγ (δ4t)

�
holds where

� = max{1, 2Cγ (δ4t)}, C(δ4t) is defined in Theorem 1, and
Ct depends only on δ4t.

Remark 4: The proof of Corollary 1 can be readily accom-
plished according to Markov inequality, so it is omitted. By
Theorem 1, we know that C(δ4t) gets small as the RIP constant
δ4t gets small. Moreover, if C(δ4t) is close to zero, we have
� = 1. Thus, the estimation error will be stable in a small
neighborhood of zero with a large probability.
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Fig. 1. Estimation errors for different algorithms.

Fig. 2. Estimation errors of the 12 sensors for different algorithms.

IV. A SIMULATION EXAMPLE

In a sensor network whose weights are generated by the
Metropolis rule [17], 12 sensors cooperate to estimate a 2-
sparse state vector xk ∈ R

80 with only the last two elements
being non-zero. Here, we assume Fk = I80 and the last two ele-
ments of ωk in (1) follow 1/k2·N (0, 0.12). The noise sequence
{vk,i ∈ R} is supposed to be i.i.d. with Gaussian distribution
N (0, 0.22/i). All elements of the stochastic measurement
matrix Hk,i ∈ R

80 are assumed to be zero except for the i-th
element which is generated by 1.1k + ∑k−1

p=0 1.1pτk−p,i with
τp,i ∼ N (0, 0.12/i). Obviously, the compressed measurement
matrix ϕk,i = DHk,i ∈ R

5 satisfies Assumption 3 while the
uncompressed high-dimensional measurement matrix Hk,i fails
to meet the observability condition in [17].

To demonstrate the estimation performance of our algo-
rithm, we repeat our algorithm, the DKF in [17], and
compressed consensus normalized least mean squares algo-
rithm (CC-NLMS) in [12] for ten times with the same initial
values. As for the CDKF and CC-NLMS, we set the sensing
matrix as the Gaussian matrix D ∼ N (0, 1/5, 5, 80) and
utilize the OMP algorithm [21] to perform the reconstruction
step. The Fig. 1. shows that the estimation error of CDKF is
apparently smaller than that of CC-NLMS while the estimation
error of the DKF stays large. Also, we compare the CDKF
with the non-cooperative CDKF (i.e., the CDKF with A = I12)
in Fig. 2. to demonstrate the cooperative effect of sensors. We
can see that the estimation error for the CDKF falls into a
small neighborhood of 0, while for the non-cooperative case,
the estimation error of every sensor is large.

V. CONCLUDING REMARKS

This brief proposes the CDKF based on the compression-
estimation-reconstruction scheme to estimate the sparse state
vectors. Under a compressed collective stochastic observability

condition, we establish the estimation error bound. It is shown
that our algorithm performs well in the estimation task even
if the traditional non-compressed DKF algorithm may not
accurately estimate the unknown sparse state vector due to
inadequate excitation. Many interesting problems deserve fur-
ther investigation, for instance, incorporating an error feedback
scheme to reduce the compression error.
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