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Abstract—This article investigates the distributed estimation
problem of an unknown high-dimensional sparse state vector
for a stochastic dynamic system. The communication topology
randomly switches, and the switching law is governed by a time-
homogeneous Markovian chain. By means of the compressed
sensing (CS) theory and a diffusion strategy, we propose a
compressed distributed Kalman filter (CDKF). That is, each
sensor first compresses the original high-dimensional regression
data. Then, the covariance intersection fusion rule is utilized
to obtain a distributed Kalman filter (DKF) estimate in the
compressed low-dimensional space. Afterward, the original high-
dimensional sparse state vector can be well recovered by a
reconstruction technique. In terms of stability analysis, one of the
main difficulties lies in analyzing the product of nonindependent
and nonstationary random matrices in the context of time-
varying communication topologies. Relying on the stochastic
stability theory, the Markov chain theory, and the CS theory,
we establish the upper bound for the estimation error under
the compressed cooperative excitation condition, which is much
weaker than the traditional uncompressed collective observability
conditions used in the existing literature. Finally, we provide a
simulation example to illustrate the performance of the proposed
algorithm.

Index Terms—Compressed sensing (CS), distributed Kalman
filter (DKF), Markovian switching topology, sparse state
estimation, stochastic dynamic system.

I. INTRODUCTION

ENSOR networks are comprised of numerous spatially
dispersed sensor nodes, which can share local information

Received 25 September 2024; revised 11 November 2024; accepted
13 November 2024. This work was supported in part by the National Key
Research and Development Program of China under Grant 2022YFB3305600,
and in part by the National Natural Science Foundation of China under Grant
62141604 and Grant 62103015. This article was recommended by Associate
Editor W. Xia. (Corresponding author: Jinhu Lii.)

Rongjiang Li is with the Key Laboratory of Systems and Control and
the Academy of Mathematics and Systems Science, Chinese Academy of
Sciences, Beijing 100190, China, and also with the School of Mathematical
Sciences, University of Chinese Academy of Sciences, Beijing 100049, China
(e-mail: lirongjiang @amss.ac.cn).

Die Gan is with the College of Artificial Intelligence, Nankai University,
Tianjin 300350, China (e-mail: gandie@amss.ac.cn).

Siyu Xie is with the School of Aeronautics and Astronautics, University of
Electronic Science and Technology of China, Chengdu 611731, China (e-mail:
syxie@uestc.edu.cn).

Haibo Gu and Jinhu Lii are with the School of Automation Science
and Electrical Engineering, Beihang University, Beijing 100191, China,
and also with Zhongguancun Laboratory, Beijing 100094, China (e-mail:
guhaibo@amss.ac.cn; jhlu@iss.ac.cn).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TCYB.2024.3507275.

Digital Object Identifier 10.1109/TCYB.2024.3507275

, Haibo Gu
, Fellow, IEEE

, Member, IEEE,

with neighbors to collaborate on complicated tasks. As one of
these essential tasks, distributed state estimation over sensor
networks has aroused extensive research interest in many
areas, including spacecraft navigation, environmental monitor-
ing, and so on. In the absence of a fusion center, distributed
estimation algorithms have advantages over centralized ones
in terms of robustness and scalability [1], [2], [3], [4], [5],
(61, (71, (8], [9], [10], [11], [12], [13], [14], [15]. Among
them, most results are obtained over static and undirected
networks. In reality, however, communication topologies may
exhibit randomly switching or asymmetric properties due to
link failures or reconstruction and sensor heterogeneity [16].
In [17] and [18], the randomly switching process is modeled
as an independent and identically distributed (i.i.d.) process.
However, it is common for randomly switching topologies
to exhibit temporal correlation [19]. Consequently, some
studies on distributed algorithms over sensor networks have
modeled communication topologies as Markovian switching
topologies to capture this correlation [19], [20], [21], [22]. For
example, [20], [21], [22] investigated distributed estimation
algorithms for deterministic or temporally independent obser-
vation matrices over sensor networks subject to Markovian
switching topologies.

In many cases, the unknown state vectors to be estimated
can be sparse, such as speech signals, image signals, solar
waves, and so on [23], [24], [25], [26]. Given the prevalence
of sparsity, efforts have been made to utilize sparsity as a
prior to improve the estimation performance. One approach for
sparse state estimation involves incorporating a regularization
term into the cost function. For instance, Liu et al. [26]
utilized £o- or £1-norm as the sparsity penalties and presented
a recursive least squares-based distributed adaptive filter by
assuming that observation matrices are i.i.d.. Similarly, Gan
and Liu [27] proposed a distributed sparse identification
algorithm by incorporating a £;-regularization term into the
{r-estimation error. We remark that the literature mentioned
above is concerned with the sparsity of unknown state vectors.
Nevertheless, the sparsity of regression vectors also deserves
attention.

Another approach for estimating sparse signals is the com-
pressed sensing (CS) theory [28]. It facilitates the insufficient
excitation (i.e., the degeneration of covariance matrices of
regression vectors) triggered by the sparsity of the signal. For
example, Xu et al. [29] designed a distributed compressed
estimation algorithm on the basis of the CS technique and
provided a simulation example to illustrate the advantages
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of the proposed algorithm with regard to convergence rate
and mean square error performance. In [30], they presented a
compressed-combine-reconstruct-adaptive algorithm (CCRA)
wherein the CS technique was applied to the diffusion stage.
Then, the stability analysis was conducted under the indepen-
dent assumptions of the regression vectors. We remark that
most of the existing stability analysis for stochastic dynamic
systems critically depends on such stringent assumptions as
independence and stationarity [26], [30], [31], with only a
few exceptions. For instance, Gan and Liu [32] and Xie and
Guo [33] integrated the CS technique into the distributed
least squares algorithm and the distributed normalized least
mean squares algorithm, respectively. After that, the relatively
elegant stability analysis was conducted.

Regarding the Kalman filter, its distributed forms are widely
studied over sensor networks because of its optimality in
the minimum mean square error sense when noise processes
obey a Gaussian distribution. Most distributed Kalman filters
(DKFs) were proposed for deterministic observation matrices
or regression vectors (see, e.g., [3], [4], [5], and [6]). For
example, Sebastidn et al. [3] introduced the first event-
triggered and certifiably optimal DKF for deterministic fixed
observation matrices and proved the global asymptotic stability
of the estimator and optimality under positive certification.
In [4], a distributed Kalman-consensus filter was proposed
for the deterministic time-invariant observation matrix, and its
robustness margins were investigated. As for the deterministic
time-varying observation matrices, Ma et al. [5] proposed
a gossip-based DKF and provided a theoretical analysis of
Lyapunov stability and convergence speed. Yang et al. [6]
designed a DKF over delaying sensor networks and derived
sufficient conditions for convergence on estimation errors and
the boundedness of error covariances. It is worth mentioning
that [34] designed a compressed Kalman filter for general
sparse dynamic systems wherein regression vectors were
stochastic. Since it was designed for the single sensor case,
it cannot be directly applied to sensor networks. Besides,
the asymmetric and switching characteristics of communi-
cation topologies make this state estimation problem more
challenging.

In light of the above discussions, this article proposes
a compressed DKF (CDKF) to cooperatively estimate the
sparse state vector. In order to better characterize possible link
failures or reconstructions in actual sensor networks, we model
the communication topologies among sensors as Markovian
switching topologies. As for the theoretical analysis, we estab-
lish the stability of CDKF under the compressed cooperative
excitation condition. The main contributions are summarized
in the following four aspects.

1) The distributed state estimation problem over Markovian
switching topologies is investigated for stochastic
dynamic systems, while the majority of existing liter-
ature focuses on the case where regression vectors are
deterministic [2], [3], [4], [5], [6], [7], [8], [9], [10],
[11], [12], [13], [14].

2) A CDKEF is proposed to cooperatively estimate high-
dimensional sparse state vectors by taking advantage of
the CS theory and the diffusion strategy.
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3) The upper bound for the estimation error is established
without independent and stationary signal assumptions,
as commonly used in [26], [30], and [31]. Thus, the
stability results of the CDKF are anticipated to be
applicable to stochastic feedback systems.

4) The stability analysis is established under the com-
pressed cooperative excitation condition, which is much
weaker than the uncompressed ones in [3], [9], [10],
and [35]. This suggests that the proposed algorithm may
succeed in the sparse estimation task even if traditional
uncompressed DKFs would fail due to insufficient exci-
tation.

The remainder of this article is arranged as follows. The
problem formulation is presented in Section II, and the main
results are stated in Section III. In Section IV, an illustrative
example is provided to demonstrate the performance of the
algorithm. Finally, concluding remarks are made in Section V.

Notations: For a vector a € R”, its ith element is denoted
as a(;). The notation ||a||¢, represents the number of nonzero
elements in a. A vector a is called s-sparse if it has at most
s nonzero elements (i.e., [lallg, < s). Additionally, the £;-
norm |lalle, is defined by |[lall,, = Y i, lagl. For two real
symmetric matrices A, B € R, A > B (A > B) means
that A — B is a positive definite (semi-definite) matrix. The
spectral norm of a matrix A € R™ " is defined as ||A|| =
{Amax (AAT/2) with Amax () being the maximum eigenvalue
of A. The notation (-)T stands for the transpose operator.
Also, Amin(-) denotes the minimum eigenvalue of the matrix,
and the n-dimensional square identity matrix is denoted by
I,. We use tr(A) to represent the trace of the corresponding
matrix A. For a random matrix B, its L,-norm is defined
as |Bll, = (E[IBIIP1}Y/?, p > 1 with E[ -] being the
expectation operator. Notations E[-|-], P{-}, and P{|-} describe
the conditional expectation operator, probability measure, and
conditional probability measure, respectively.

II. PROBLEM FORMULATION
A. System Model

In a sensor network of n sensors, the observation model of
each sensor i at time k& is described by the following stochastic
regression model:

ki =hg e+ i, k=0, i=1,...,n (1)

where z;; € R is the observation, /;; € R™ is the stochastic
regression vector, v¢; € R is the local observation noise, and
xr € R™ is the time-varying state of interest. The variation of
the unknown state vector x; is described as follows:

Xkl = Xk +wpg1, k=0 )

where wyy1 € R represents the process noise.

In practical scenarios, such as high-dimensional data classi-
fication and channel estimation [23], [24], [25], [26], sparsity
appears not only in the state x; of interest but also in the
regression vector /i ;. Here, we concentrate on the case where
hi,; and x; are 3s-sparse and s-sparse, respectively (i.e., they
contain at most 3s and s nonzero elements, respectively).
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Remark 1: Compared with the vast majority of research [2],
(31, [4], (51, [6], [71, (8], [91, [10], [11], [12], [I3],
[14] that focuses on deterministic regression vectors or
observation matrices, here, the regression vector hy;
is assumed to be stochastic, and thus the regression
model (1) admits feedback control. For instance, if h;; =
(Zk—1,is - -+ Th—p,i» Uk,is - - - » Uk—g,i] With the input signal uy ;
being the control law wu;; = f(z;,j < k — 1), then the
regression model (1) can be reduced to the autoregressive
model with exogenous inputs. Note that h;; composed of
current and past input-output data is stochastic and fails to
meet strict assumptions commonly found in the study of
stochastic dynamic systems, such as i.i.d. condition. This
fact calls for further investigation of assumptions imposed on
regression vectors of stochastic dynamic systems.

Given that the regression vector /i ; is stochastic, we specify
a simpler model (1) and (2) compared to the linear system
model in [1], [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12],
[13], [14], [15], and [36] regarding the state evolution matrix.
In further work, more general linear time-varying system
models will be considered for broader range of applications.

B. Markovian Switching Topologies

The communication links between sensors are modeled by
a weighted digraph G = (V, £, A), where V = {1,2,...,n}
is the set of nodes, £ C V x V is the set of directed edges,
and A = [a;] € R™" is the weighted adjacency matrix. The
ordered pair (i, j) € £ if and only if there is a communication
link from node i to node j. The notation N; = {j € V|(j,i) €
&} represents the set of neighbors of the node i and the node
i is also included. All elements in A are non-negative, and
a; > 0if (i,j) € £, and a;; = 0 otherwise. Here, we assume
that A is doubly stochastic (i.e., each row and column sum
to 1). Note that A may be asymmetric. A directed path from
node i; to iy is an ordered sequence of nodes iy, s, ..., i
such that (iy,i;41) € € fort = 1,...,€ — 1. A digraph is
strongly connected if there is a directed path between any pair
of distinct nodes.

Affected by uncertainties, such as link failures and packet
losses, the communication topology is no longer fixed. Thus,
the communication topology is considered to be stochastically
time-varying, and it can be described by a stochastically
switching digraph, which stochastically switches among s dif-
ferent digraphs Gi, G, ..., Gs. At time k, the communication
topology is denoted by G = (V, Emk). Amk)), where the
switching process m(k) is driven by a time-homogeneous
Markov chain taking values on a finite set S = {1,2, ..., 5}.

This article aims to provide a distributed algorithm to
cooperatively estimate the time-varying sparse state vector
over the Markovian switching topology. Moreover, this article
attempts to find relatively mild assumptions to establish upper
bounds on the estimation error.

C. Compressed Distributed Kalman Filter

According to the covariance intersection fusion rule, several
DKFs are proposed to cooperatively estimate the unknown
state vector via local communications and interactions among
sensors [9], [10], [11]. In detail, each sensor generates the

local estimates based on its measurements and then fuses
the estimate among neighbors. Note that our setting is based on
the sparsity of the state vector and the switching characteristics
of communication topologies. Thus, the analysis methods
in the above literature cannot be directly applied. Now, we
propose the CDKF over the Markovian switching directed
topologies, which relies on the CS theory to reduce the
computational cost and improve the estimation performance
in sparse and high-dimensional scenarios (see Algorithm 1).

Specifically, at every time instant k, the compressed regres-
sion vector ¢ ; = Dhy; € R? is obtained with the help of a
prespecified sensing matrix D € R (with d <« m.") For the
generation of the sensing matrix D, please refer to Appendix A
for more details. Then in step 2, we adopt the adapt-then-
combine strategy to update a low-dimensional estimate Ek,i for
the compressed state vector ¢y = Dxi € R4, Note that Ckt1 =
Lk + @r+1, where @y = Dwy. Also, the original model (1) can
be rewritten as follows:

T
Zhi = My X + Vi

= Qp ik + I Xk — O Gk + Vi

= @5k + I i[Im — D"D]xi + v

2 ol ik + Ve 3)
In this case, we regard vy; = h{i[lm — D™Dlxy + i

as the new “noise” term. Hence, for the adaptation step,
every sensor performs the Kalman iteration based on the
new ‘“measurements” {zx;, ¢k.i}icy With r; > 0 and ¥ >0
being arbitrarily chosen. Then, for the combination step,
the diffusion strategy is utilized by exchanging estimates
with neighboring sensors and fusing the collected estimates
through a convex combination. Finally, in step 3, we tackle
convex optimization problem (8) to recover a high-dimensional
estimate {Xx41 }icy for the original state vector x;. Here, C
represents the bound of the estimation error ||Ek,,-||.

I11.

In this section, we will establish the exponential stability
and the estimation error bound for the proposed CDKEF (i.e.,
Algorithm 1) without requiring independent and stationary
assumptions on the system signals. For this purpose, we first
derive the compressed error equation for Algorithm 1.

MAIN RESULTS

A. Compressed Error Equation

For the sensor i, introduce the following two compressed
estimation errors: ;k, =l — ;k, and §k, = {k — k.- Then
from (6) and (7), we have

. o, -
Sk+1,i = Ck+1 — Pr1,i Z ali,mk) Py 1Sk+1,0

1N my
51
=Pirii Y, @im Pl Gen
leM.m(k)
S -
— Py Z ali,mk) Py 1Sk+1.0
1eN:m)
S
= Pri1,i Z ali,mk) Py 1Sk+1,1- 9
leM.m(k)

IThe relation d <« m means that d is much smaller than m.
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Algorithm 1 CDKF

Input: {h;, zxi}icy, k=0,1,2,...;
Output: {X;+1,i}icy, k=0,1,2,...
for every sensor i € V do
Initialization: Begin with an initial value g:o,,- and an
initial positive definite matrix Py ; > 0.
for each time k=0,1,2,... do
Step 1. Compression: ¢y ; = Dhy ;.
Step 2. Estimation in a low-dimensional dimension.
i) Adaptation process

sensing matrix D

-1
Lii = Prigri(ri + o Pr.ie.i)
Ch1i = Ci + Lk,i(Zk,i - (/’]?,igk,i) “4)

Pry1i = Pri— Leigg iPri+ . (5)

ii) Combination process

Pk_+1 i Z i m(k)Pk+1 ! (6)
1N mr
~ =—1 =
Cev,i = Pryri Z ali,mk) Py 1Sk+1,0- (7N
1N mty

Step 3. Reconstruction:

Xet1,i = argmin x|l 3)
xeX

where X' = {x € R"[||Dx — g1l < C.

From (3) and (4), we can obtain that

Ckt1,i = Ck+1 — Skt

= {k + 1 — ki — Lk,i(Zk,i - ‘P]Z,‘Ek,i)
= 0k + Dyl — Lk,i((ﬂkT,iCk - w;?,ié:k,i + 9/«,1’)
= (la — Lk,i‘P/;I:j)Ek,i — Ly iVk,i + Or1- (10)

For convenience, the following notations are introduced to
write the above compressed error equation in a compact form:

With notations in Table I, we rewrite (4)—(7) in Algorithm 1
as follows:

Apyt = Mg+ Li(Z — EEM)
Pk+1 =Py — LA Py + )
vec{Pk_Ji]} = m(k)vec{Pk+]}
A Pry1 oy o Pl At

Y

Apy1 =

where vec{-} stands for the operator which stacks the blocks
of the block diagonal matrix on top of each other. Also, on
account of Ay = Ay — Ak and Ak = Ay — Ay, applying (10)
yields that

Aps1 = (Ian — Lkaz)]\k — LiVie + Q1

Then according to (9), we obtain the compressed error
equation as follows:

[\k+1 = Pk+ldm(k)Pk+1Ak+l
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TABLE I
SOME NOTATIONS

Notation | Definition Dimension
Zy col{zk 1,5 2k,n} n X1
X col{xg,...,zL} mn X 1
Vi col{vi 1, ., Vk,n} nx1
‘_/k Col{ﬁkyl,...,ﬂk’n} n x 1
Ek dia‘g{wk,l7 cee on,n} dn X n
Qp col{wg, ..., wi} mn X 1
Qk COl{Q)k,...,Qk} dn x 1
Ly diag{Ly 1,...,Lxn} | dnxn
Py diag{Px,1,..., Pen} | dnxdn
= diag{Pk,l,...,Pk,n} dn x dn
b diag{%,..., X} dn x dn
Ak COl{Ck,...,Ck} dn x 1
/_\k COl{gk,17"'1€k7n} dn x 1
/}k COl{gk,l,...,ka} dn x 1
{\k COl{gk,lv-”vgk',n} dn x 1
Ap col{Ck,1,---Ch,n} dn x 1
oy, A @ I, mn X mn

= Pk-‘rldz(k)pk__il(ldn — Ly ER) Ax
- PkHﬂ{E(k)Pl;llLka

+Pk+ldzl(k)i’k_4i1§2k+l- (12)

B. Some Definitions

The compressed error equation (12) can be regarded as the
vector random linear equation ®11 = Ax®Ok + pk+1, Kk > 0
where {Ax, k > 0} is a sequence of dn x dn random matrices.
Roughly speaking, the stability of ®; is tied to the stability
of its homogeneous part, that is, O] = Ax®g, which relies
on the product of random matrices. To this end, we introduce
some definitions on the stability of random matrices.

Definition 1 [37]: For a sequence of d x d random matrices

= {Br, k = 0}, we say that {I — By, k > 0} is L,-
exponentially stable (p > 1) with parameter v € [0, 1) if B
belongs to the set

Sp(v) = H (I-B)| <M
t=s+1
Vk>s+1 Vs>0,for some M >0

Definition 2 [37]: For a scalar sequence 8 = {B, k > 0},
we define

k
S't)=3B:pel0, 1LE| [ -8y | <mc*
t=s+1

Vk>s+1 Vs>0, for some M >0

where T € [0, 1).

As demonstrated in [37] and [38], {I — Ak, k > 0} € S,(:)
is the sufficient and necessary condition for the stability of
O in a sense. Verifying whether the random matrix sequence
{I — A,k > 0} belongs to the set S,(-) poses a significant
mathematical challenge, particularly without the assumptions
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of independence and stationarity for the signals. It is worth
noting that for random linear equations arising from adaptive
filtering algorithms, including the Kalman filter algorithm, the
investigation of S,(-) can be simplified to that of a scalar
sequence in S°(-). This corresponding scalar sequence can
then be studied based on excitation or observability conditions
imposed on the regression vectors [37], [38]. For further
analysis, the lemma on the set S89(.) is introduced as follows.
Lemma 1 [37]: For two scalar sequences ¢ = {i, k > 0}
and v = {vg, k> 0}:
1) If 0 < x < vx < 1 holds for any k > 0, then {;} €
SO(z) implies {v;} € SO(7).
2) Let {i} € S%) and ¢ < * < 1 Vk > 0 where * is a
constant. Then for any ¢ € (0, 1), {sux} € SOz 1=z,
3) Lett = {t, Hi} and v = {v, Hy} be adapted processes,
such that ¢ € [0, 1], Eltg411Hr] = vk, k& = 0. Then
{ne) € S%(x) implies that {1} € S°(/7).

C. Assumptions

For stability analysis, we need the following assumptions:

Assumption 1 [Restricted Isometry Property (RIP)]: The
sensing matrix D € RY*™ satisfies the RIP with order 4s
where the 4s-restricted isometry constant is denoted as 45 (see
Definition 3).

Assumption 2 (Compressed Cooperative Excitation
Condition): For the adapted sequences {gk i, Fk, k > O}icy,
there exists an integer & > 0 such that {tr;, k > 0} € S%1)
for some 7 € (0, 1), where ti is defined by

n (k+Dh <,0/z§0
A ]l
Tk = Ami Fih
o n<1+h>Z %1 L+ ll.ill?

with Fi = O‘{hj,,‘, wj, Vj_l’,',j <k,ieV}

Remark 2: Essentially, Assumption 2 is a stochastic col-
lective observability condition for the compressed regression
vectors. To clarify, we give some intuitive explanations in
terms of “‘excitation,” “collective,” and “compressed,” with the
latter two characteristics further illustrated in the simulation
section.

1) Excitation: Assumption 2 says that the smallest eigen-

value 1 is not “too small.”

2) Collective: Compared to the excitation condition for
the single case in [34] and [37], Assumption 2 contains
not only temporal union information but also spatial
union information of all the sensors, which implies
that multiple sensors can cooperate to accomplish the
estimation task even if any individual sensor cannot.
Similar collective conditions are commonly exerted on
the deterministic coefficients when studying the stability
of the uncompressed DKF (cf. [3], [9], [10], [35]).

3) Compressed: Compared to collective observability con-
ditions in [3], [9], [10], and [35], Assumption 2
is assumed for the compressed regression vectors
{¢k,;} rather than the original ones {h;;}. Therefore,
Assumption 2 is much weaker than that in [3], [9],
[10], and [35], which implies that the CDKF may still
get the compressed estimation results stably even if the
uncompressed DKFs cannot fulfill the estimation tasks.

Assumption 3 (Markovian Switching Network Topology
Assumption): The following assumptions are imposed on the
network topology:

1) The union of all possible digraphs {Gi,...

strongly connected.

2) The Markov chain {m(k), k > 0} is irrespective to Fy.
It is ergodic with the transition probability matrix P =
[Pap] € RS where pyy, = P{m(k + 1) = blm(k) = a).

Remark 3: Some remarks on the Markovian graph model
are given below.

1) Roughly speaking, Assumption 3 1) is quite weak in
the sense that it is permissible for the sensor network to
disconnect at any time k.

2) Assuming ergodicity, each state of the Markov chain
can be reached from any other state in the state space
in a positive probability. In other words, there exists an
integer gp > 0 such that

, G5} is

P{m(k + qo) = b|lm(k) = a} > 0 13)

holds for all k and all states a, b € S.

D. Stability Results

Note that the theoretical analysis is based on the sparsity
in the system model and the switching characteristics of
communication topologies. Therefore, the analysis methods
in [9], [10], [11], [33], and [34] cannot be directly applied.
Now, we list the sketch of stability analysis for Algorithm 1
as follows.

1) In Lemma 2 we derive conditions for the exponential
stability of the homogeneous part of the compressed
error equation (12).

2) In Lemma 4 we investigate the properties of {Py} based
on Lemma 3, thus verifying the conditions in Lemma 2.

3) According to Lemmas 2 and 4, we obtain the exponential
stability of the homogeneous part of the compressed
error equation (12) in Theorem 1. Also, we establish an
upper bound for the estimation error of the compressed
state vector k.

4) Based on Theorem 1 and Lemma 6, we establish the
upper bound for the estimation error of the original state
vector x; in Theorem 2.

5) According to Theorem 2, we derive the estimation error
bound for the original state vector in probability in
Corollary 1.

For Algorithm 1, it is clear that by (11), we have

)+ RLLT + 5
(14)

m

Pry1 = (Idn — LkEY)Pi(lan — Lk E]
vec[ =7 . l)vec{l_’gl

where Py > 0. Based on this equation, the following
lemma from [38] outlines conditions for the L,-exponential
stability of the homogeneous part of the compressed error
equation (12). For simplicity, denote X; £ RLkLZ + % and
R2 diag{ri, ..., r,}®I,. The lemma is then stated as follows.
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Lemma 2: For the random recursive equation (14), we have
for all t > s
2

A iy Pty (lin — Lk EY)

t—1

<[It-

———— | { - {1e B
k=s 1+ ” Zk Pry1 H

Moreover, if {Pj} satisfies the following two assumptions:
D {1/ + 12" PeyilD} € %), for some 7 € [0,1) and
2) sup;= 0 (1P - 1P 1D < oo, for some p > 1, then we
have

{1n = Prsr o Pl (lan = LiED) | € S (=17%7). 15)

Remark 4: Intuitively, this lemma implies that the investi-
gation of (15) can be simplified to verify whether a certain
scalar sequence belongs to the set S°(-) and whether a certain
process is bounded in the sense of L,-norm.

Before verifying the two assumptions on {P;} in Lemma 2,
we first analyze the following properties of {Py}. For simplicity
of notation, we denote Af{ as the matrix representing the prod-
uct of weighted adjacency matrices during the time interval
[k, t], expressed as o) mk+1) - - - @m(p)- The element in
row i, column j of A;( is denoted as Al ). Additionally,
we denote Wi(ph' .k — 1) = Y I, Ak 1(, i) Powj+ HE,
') = S oy 1S, and 5y = L[l + nqol/1)] +1.
The operator |a| rounds a to the nearest integer less than or
equal to a.

Lemma 3: Let {Py} be generated by (11). Then we have

Tpp1 = (1= bp1)T, +d
where
(zp-1+1)h
T,= Y  t(Pe1). To=0
k=Zp,1h+1
(zp+1)h 5
C}H—l =tr Z Z\IJ (ol k—1)————1— wkﬂ)k}
k=zph+1 j=1 1+ ”(ka”
2 _ - . / ’ / /
o1 = D (1) - (1 dmax (W' (1)) - (W' (o1'))
j=1
‘| 1
b é ;0+
a nhcp+1

1)u(E)

and ' = h + nsqy with h, gy being constants defined in
Assumption 2 and Remark 3, respectively.

The proof of Lemma 3 is listed in Appendix B. Using this
lemma, we verify the two assumptions on {P;} in Lemma 2
as follows.

Lemma 4: For {P;} and {P;} generated by (11), provided
that Assumptions 2 and 3 are satisfied, then we obtain the
following.

1) There exists a positive constant ¢* such that for any

e € [0, &%), supy-o E[ exp(e||Px[)] < oo.

3
d/ = znh(h/ —+
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2) For any p € (0, 1], there exists a constant 7 € (0, 1)
such that {p/(1+ |27 - [Pes1lD} € ().
Proof: We first prove Lemma 4 1): by (13) in Remark 3,
we can see that there exists a positive constant py such that
for all p

]P{m(,o +nsqo) =5, m(p + (ns —l)go) =5 —1, ...
m(p+ ((n— 15+ 1)go) =1
m(p +25q0) =s,m(p+ (25 —1)qo) =s—1,...
m(p+ 5+ Dgo) =1
m(p +3590) =5, m(p+G—go) =5—1,...
m(p +qo) = 1|m(p)}

= P{m(p + n3qo) = 5|m(p + (15 — Dgo) =5 — 1} ...
P{m(p + ((n — D5 + Dqo) = 1|m(p + ((n — D¥)qo) = 5}

. P{m(o + q0) = 1|m(p)}

> po > 0.

(16)

By (16), we know that the Markov chain {m(k), k > 0} can
visit all states in S with # times in a positive probability during
the time interval [p + qo, p + nsqol.

We are now in a position to analyze the term E[b,11|F; hl-
By Assumption 3 and [39, Lemma 5.1], we know that for
k € [zph+ 1, (z, + 1)h], there exists positive constants o and
o such that the following inequality holds:

E[A’; o, j)|f,g] — [A’;;, L, j)‘m(,oh’)]
> UOE[APZ,IJFqO(u,j)‘m ph/)] >0,a.8

where F; is a o-algebra generated by {m(1), ..., m(ph")} and
Fi. Clearly, o € (0, 1]. Then, by [40], it yields that

B4} - n|5]
n 2
= E{(ZA';WI (L)) Pow1 + h/z) ]-',Q:|
=1 -
> {E[ZA ) Py +H'E }‘k“
n 2
- {ZE[A’;h,‘ @.j) ’]-',;]Pphg[ +h’2}
lfln )
> <o > P +h’2>

=1

n 2
o2 <Z Powi+ h/z) 2 62 (W(ph'))’.

=1

By F,n C Fi and ¢y j € Fi, we conclude that

T
E[\yf(k— 2 ]-'Z’ph]
L+ x|
T
= IE|:E[\IJJ.2(I< AR P f;ph}
L+ o]
¢k,j¢;€j

> 02E|:(\D’(ph’))2 .

B .ngh}.

1+ on]
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From the above analysis, we can obtain that

E[pr ph]
o2
o nhcpJrl
(Zp+Dh  p T
Pk, jPr i
otr Z ZE|:(\IJ/(,0]1/))2 J¥k,j 5 ]_-Z/ph:|
k=z,h+1 j=1 L+ [long|
> o2n(1 + Wy (¥ (oh)’)
nhcp_i_1
where
n (@p+Dh
Pk ](pk/
= E
T = Fmin <1+h> Z Zh:“ T+ g2 "

It is clear that T, and b, are F, ,h-measurable, and

n _1
bpr1 €0, (Z("i + 1))

i=1

By the inequality tr(B?) > m~!(tr(B))> with B € R™"
being the positive definite matrix, we have
R AIEA

> .

T d(X i+ D)+ HIE])

Then by Assumption 2 and applying Lemma 1, an trivial
verification yields that {b,41} € S%(x) for some x € [0, 1).
Consequently, by the definition of S°(-), we can obtain that

t
E[Z(l - bk+1):| <Cx' Tt Vizs=0

k=s

E[bp1]Fz,i]

a7

for some constants C > 0 and x € [0, 1). According to
Lemma 3, it is derived that for Ve > 0

exp(eTp41) < exp((1 — bys1)eT,) - exp(d'e).
By the following inequality:
exp(BY) —1 < Bexp(Y), 0< B <1,

we get

T >0

[(1 = bps1)exp(eT,) + 1] - exp(d'e).

From this, let ¢ be sufficiently small to ensure that
exp(d’e)x < 1 holds. It yields that

exp(eTp+1) <

sup ]E[exp(sTp)] < 00
p=0

which implies that Lemma 4 1) holds.

Now, we prove Lemma 4 2): denote y, w (1 +
IZ=Y-IZ1) + 1=~ T,] with T, being defined in Lemma 3.
It can be seen that

Vo1 <= (1 =bp+1)yp
+ e (T IET- IS + 2 1E ]

It is easy to see from (17), Assumption 2 and Lemma 1
2) that [37, Lemma 3.1] is applicable to the above equation.
Hence, we know that {1/y,} € SO(y), for some y € (0, 1).
Note that

(zo-1+1)h

2

k:zp_|h+1

Yo = PR bl Bb-IES bl T

Similar to the proof in Lemma 5 of [41], it follows that:
-1 S SE! -1 0
{p,[l—i— HE_ H S+ Hz— H -tr(Pk)] } e 8%1)
holds for some 7 € (0, 1). Then we know that
-1 5 s—1 -1 0
i+ |57 s+ £ iea] e S,

Sin(_:e (I_Jk+1 - = Pk_1 ~|—I_€_1EkEZ, we hflve Pk+1_ <
Pe+ X, and [E7M 1Pt | < 7ML 1P+ IZE7 - IZ)
By this and Lemma 1 1), we can obtain that

{/(LH 12710 1P ) | € 8°)

holds for some t € (0, 1), which is the desired conclusion. ll

Following Lemma 4, the assumptions on {Px} in Lemma 2
are satisfied. Furthermore, it is worth mentioning that under
the Markovian switching topologies, the adjacency matrix is
asymmetric and random, which gives rise to new challenges
for the stability analysis. By virtue of stochastic stability
theory, Markov chain theory, and CS theory, we establish
the following stability results over Markovian switching
topologies.

Theorem 1: Consider the system model (1) and (2) and the
compressed error equation (12). Suppose that for some g >
(1/2) and for any i € V, sup¢ [@x,illag < 0. Also suppose
that Assumptions 1-3 hold.

D {Ign — Pk—i—lfQ{m(k)PkJrl(Idn

stable (p > 1).

2) Given that

Ly EZ)} is L, exponentially

o, £ sup||Ag log? (e + Ap) ||r < 00
k

hold for some r > 1, B > 2, where A
([38451/Iv/1 = Sas DXkl + 11 Vil ++/1 + 845112411l then
for p = (¢~'+r~1)~!, the compressed estimation error
{Ak, k > 0} is L,-stable and

lim sup [[Agll, < C

k— 00

(18)

where C £ ¢[o, logﬁ (e + 0;1)] with ¢ being a positive
constant.
Proof: According to Lemmas 2 and 4, it follows immedi-
ately that for some p > 1 and 7 € [0, 1), we have:

51 = 2
{Idn — Prs1 py oy Pty (Lan — Lkaz)} € S,,(rl/ 1’).

Additionally, by the compressed error equation (12), it is
yielded that
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k
Arr = [ [ Per1 oy Pl (Tan — LEET) Ao
i=0
=T
+Z 1_[ Pis1 ) ;+1(’dn— 1)
i=0 | j=i+1

1+142{ (z)P:—H ( Li‘_/i"‘s_ziJrl)

Next, by Minkowski inequality, we obtain that

— L,'E;r)]\o

i+1, (t)PtJrl(Id"

p

=T
+Z 1_[ Pi1 g j+1(1dn—Lf“j>

i=0 ||j=i+1

Pip1 ey PRl (—LiVi+ Qig1)

k
2T+ Z Ty,;.
i=0

In the following, we divide our analysis for 75 ; into three
steps:

IbX

IA

~T
H 1_[ Pit1 ;+1<1dn—Lf“j)

j= l+1

Pt/ Pty |- | =LV Q] )
(1 -12 B,
By (14), we obtain that X; > Y and Py > X. Then,

it follows that [P 'l < IP.'I < IZ7"||. According to

Lemma 2, we obtain that for k > i

19)

1

k 1 2
I < [— _
=y 11 ( I+ =1 ||P,»+1||)

<
Jj=i+1
%
- {||Pk+l||2 |22, }
. 1
< 1 _ _
jﬂl( 2(L+ =1 ||Pj+1||))
[T
: {||Pk+l||2 : HE } (20)

The next thing to do is estimate [. Clearly, &7, is a
doubly stochastic matrix and ||.%7,,;)|| = 1, yielding that

b = 1Pl Il | P | < 0Pl [ 271 @D

i+1 H

It remains to estimate /3 in (19). For simplicity, denote Uy =
colfug 1, ..., urn} € R" where uy; = hzi[lm — DTD]x. Since
l7k,illey < 3s and ||xklle, < s, we define index sets of nonzero
elements as L3 and Ly, respectively. Without loss of generality,
we use hi jas and xg 45 to denote vectors which are formed
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by elements of & ; and x; indexed by L4y = L3s U Ls. Also,
the notation Dy, represents the submatrix which is constructed
by columns of D indexed by L4, By Assumption 1, any
eigenvalue of DLD4S is in [1 — 845, 1 + S45]. Hence, it can be
derived that
liwill = g ;[ — DT D] |

= ”hz,[,45[14s - DISD4S]xk,4s||

< ||hz,,343[(1 + 845) a5 — Dy Das |xeas | + Sasll ik i asxi sl

< Nhwiash - [ [(1 + 8a)las — Dy Dag] || - 1xe.asll

+ S4sllhk,iasl - llxk, 45l
< 2845l hicias |l - N1xk,asll + Sasll ik i asl - 11Xk 4]l
= 3845l hr,ill - llxell
384Y
ﬁnwk,in B
and Ukl < ([3845)/[v/T — 8asDIIEll - [IXxll. Notice
that L]l <  ([IPIIY?1/[2/Fmin]), where rmin =
min;ep{ry, ..., rp} and thus, we have
< Ll - (WUl + 1VilD + 19241
< AP ( % g X + ||Vi||)
2/Tmin \ V1 — 845
+ 1+ 845l Qg1 |l
IPi]1 max{1, | E[}
< (1 + NG >$f- (22)
Denote p = (¢! 4+ r~1)~!. Then combining (20)—(22) and

applying Holder inequality, we get that

I (

=i+

3
2

_ 1
T lgﬂz— e
200+ 1= - 1P )

1 —-
[1Pill2 max{1, || E;||} £
2\/ Fmin '

1
MPrtlI? - [Pl <1 +
P

(STl

=[="

sup [|Pill2g - max:L sup || Eillzq}

i=0 i=0

k k

1
Py ,ﬂl(l SR nfaﬂu))
[|1P;l 2

-||Pk+1||5< 2F)s,' .

By Schwarz inequality and Lemma 4, we have

1 1
sup E[exp(ell Py 12 - P11 ]

k>i

1 1
< illp{]’E[t“«XP(z‘?IIPk+1II)]}7 {E[exp(ellPiID]}? < oo.
>1
The rest of the proof is analogous to [37, Th. 4.1] and
therefore, further details are not provided here. By Lemma 4,
we draw the desired conclusion. ]
Remark 5: From (18) and the definition of Ay, it is seen
that the upper bound of compressed estimation error is
composed of three components: the first component is related
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to the compression error, which has a positive correlation with
8455 the second component is associated with the magnitude
of system noise vi; and the last one depends on the magnitude
of the state variation wy. Regarding the first part, it can be
small since the RIP constant can be small. For instance, let the
sensing matrix D be a Gaussian or Bernoulli random matrix.
Then the RIP constant 845 for D can be arbitrarily small when
the inequality d > 480slog(m/4s) /Sis holds with d and m
being dimensions of D. As a result, assuming that the system
noise v and the parameter variation wy are also minimal, the
upper bound of the estimation error C will be small.

Apart from the compressed estimation error, we derive the
estimation error bound for the state of interest based on the
CS theory.

Theorem 2: Suppose that D € R satisfies 4sth RIP with
s satisfying 835+ 3845 < 2. Under the same conditions as used
in Theorem 1, the upper bound for the estimation error of the
original state vector satisfies

lim sup ||xk —5ck,,-||p < C,C
k—00

with C being defined in Lemma 6 in Appendix A.
Proof: By Theorem 1, the upper bound of compressed
estimation error is given

lim sup [|Sk+1,illp = im sup (k41 — Crt,illp
k— 00 k— 00

= lim sup [|Dxg+1 — Sk+1,illp < C.
k— 00
Let C = C in (8) of Algorithm 1, we can obtain that the
recovered state vector Xiy1,; obeys

lim sup [[xg+1 — Xxr1,illp < CsC.
k— 00
This proves the theorem. ]

Ultimately, we present the probability that the upper bound
for the estimation error of the original high-dimensional state
vector stays in a certain range.

Corollary 1: Under the same conditions as used in
Theorem 2, for any given constant ¢ > 0 and y € (0, 1), there
exists time instant 7

14
IP{”xk — | < n(CSC—i—s)l_y} >1— @
holds with n = max{1, 2(C;C + &)¥}.

Proof: Consider the special case of p = 1 in Theorem 2, and
we have limsup,_, o E[llxx — Xk.ill] < CsC. In other words,
Ve > 0,3 T, € R, s.t.Vt > Te, E[|lxx — X.i|]] < CsC+e. Then
by Markov inequality, we have for any ¢ > T,

P( I — il = n(C.C+ o))

_ Bl —%all] _ (GC+e)
T (CCHe) T T n
This completes the proof. ]
Remark 6: Note that C; may depend only on the RIP
constant &45. It immediately follows that CC; can be suffi-
ciently small for a sufficiently small 645 and in consequence,
n becomes close to 1. That is, the estimation error will likely
remain in the small range of zero with a high probability.

1
<-.
-2

According to Theorems 1 and 2, it is clear that for the
s-sparse unknown state vectors xi, the upper bound of the
estimation error is positively related to the s-restricted isometry
constant 84 that increases with s. Furthermore, we can see that
the stability results of the CDKF over the Markovian switching
topologies are established without requiring the independence
or stationarity conditions of the signals. Consequently, our
results are likely to be applicable to the feedback systems.

IV. SIMULATION

To demonstrate the efficacy of the CDKF for estimating the
sparse state vector, a simulation example is given as follows:
the sensor network composed of four sensors is represented
by three switched digraphs G;, G», and G3 in Fig. 1. The
corresponding weighted adjacency matrices are given by

08 0.1 01 0 03 07 0 0
0 09 01 0 02 03 0 05
A=10 0 02 os|"™=lo o 1 o0
(02 0 06 02 05 0 0 05
08 0 0 02
0 1 0 0
A=10 0 04 o6
02 0 06 02

In addition, the switching signal m(k) is governed by a time-
homogeneous Markov chain with probability transmission
matrix being

02 03 05
P={(05 01 04
06 02 02

Obviously, Assumption 3 on communication topologies is
satisfied. Four sensors cooperate to estimate a 2-sparse 80-D
state vector x; and the positions of the two nonzero elements
are given randomly. Here, we focus on the case where two
elements of wy in (2) follow 1/k% - N'(0, 0.12).

It is assumed that the noise sequence {vi; € R} is i.i.d. with
Gaussian distribution A/(0, 0.22). The stochastic regression
vectors {h; € R®) are generated according to the following
expression:

T

k—1
hei=10,....0, LI+ Y " 1.1P0;_ 1,0, ...
p=0

,0

ith

where op; ~ N(O0, 0.1%). The sensing matrix D is given
by the Gaussian matrix D ~ N(0, 1/3, 3, 80). Obviously,
compressed regression vectors ¢r; = Dhy,; € R3 satisfy
Assumption 2, while uncompressed high-dimensional ones 7y ;
fail to meet the traditional excitation condition in [10].

To demonstrate the estimation performance of Algorithm 1,
we repeat CDKF, DKF in [10], compressed consensus normal-
ized least mean squares algorithm (CC-NLMSs) in [33], and
CCRA in [30] for 200 times with the same initial values. As
for the compressed algorithms (i.e., CDKF, CC-NLMS, and
CCRA), we use the Gaussian matrix D ~ N (0, 1/3, 3, 80)
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Fig. 1. Topological structure of the sensor network.
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Fig. 2. Estimation errors for different algorithms.
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Fig. 3. Estimation errors of sensors for cooperative and noncooperative
algorithms.

as the sensing matrix and resort to the orthogonal matching
pursuit algorithm [42] to perform the reconstruction step in
Algorithm 1. Fig. 2 demonstrates that the estimation error of
CDKEF is apparently smaller than that of CC-NLMS while the
estimation error of the DKF stays large. Also, we compare
the CDKF with the noncooperative compressed Kalman filter
(noncooperative CKF) (i.e., A = I) in Fig. 3 to demonstrate
the cooperative effect of sensors. We can see that the estima-
tion error for the CDKF falls into a small neighborhood of
zero, while for the noncooperative case, the estimation error
of every sensor is large.

V. CONCLUDING REMARKS

This article investigates the distributed state estimation
problems of the sparse state vector over Markovian switching
topologies. According to the compression-estimation-
reconstruction scheme, we present the CDKF to estimate the
sparse state of interest cooperatively. It is shown that the
proposed compressed algorithm may effectively accomplish
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the estimation task, even when the uncompressed one
falls short in accurately estimating unknown sparse state
vectors because of inadequate excitation. As for stability
analysis, the estimation error bound is established under a
compressed cooperative excitation condition. Here, we require
no independent or stationary assumptions. Thus, our stability
analysis is applicable to feedback systems, which facilitates
further research on problems pertaining to the combination of
distributed state estimation and control. In addition, further
research is necessary to explore how to introduce an error
feedback scheme to lower the compression error.

APPENDIX A
COMPRESSED SENSING THEORY

CS is a signal processing technique that allows efficient
sensing and reconstruction of a approximately sparse signal.
It considers the recovery of a signal x € R™ from a noisy
observation

z=Dx+e (23)

where D € R¥*™(d « m) is the sensing matrix and ¢ € R4
is the noise. It is undoubtedly challenging to deal with the
underdetermined linear system (23). However, the sparsity of a
signal can be beneficial to the recovery problem. Accordingly,
the true signal x is supposed to be s-sparse, that is, [|x|l¢, < s
for some s < d K m.

The reconstruction performance will greatly depend on
1) the generation of the sensing matrix D and 2) the design
of the signal reconstruction algorithm.

1) Generation of the Sensing Matrix: To ensure the accurate

recovery of the sparse signal x, Candés et al. [43]
introduced the following concept as a requirement for
the sensing matrix D.
Definition 3 (RIP): Let D € R?™ be the sensing
matrix and s (1 < s < m) be an integer. We say that
the matrix D satisfies the RIP of order s if there exists a
constant §; € [0, 1), which is the smallest quantity such
that

Va € R*
(24

(1 =8)llal* < IDall* < (1 + &) llal?

holds for every submatrix Dy which is formed by
columns of D corresponding to the index set L with
#L < s. The notation #L represents the cardinality of the
set L.

Remark 7: Loosely speaking, the concept of RIP is a
characterization of the near orthogonality of the matrix,
at least for sparse vectors. An equivalent formulation
of (24) is 1 =8 < Amin(D]DL) < Amax(D]Dp) < 1+8;.
Considerable progress has been made in generating the
sensing matrix satisfying the RIP [44]. For example,
for the Gaussian or Bernoulli random matrix satisfying
the RIP, the following theoretical result was established
in [45]:

Lemma 5 [45]: For given d, m, and 0 < § < 1,
suppose that the sensing matrix D € R¥*" is a Gaussian
or Bernoulli random matrix, then there exist positive

Authorized licensed use limited to: NANKAI UNIVERSITY. Downloaded on February 27,2025 at 03:24:56 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

LI et al.: ANALYSIS OF THE CDKF OVER MARKOVIAN SWITCHING TOPOLOGY

constants cy, c; which only relates to § such that for a
prespecified § and any s < c1d/log(m/s), the probability
that RIP holds is no less than 1 — 2 exp(—cad).
Remark 8: As mentioned in [45], when ¢ is sufficiently
small, ¢; enables to be larger than 0. Let ¢ = 83 /120
and d > 120slog(m/s)/83. Then, the probability that
the sensing matrix D satisfies RIP is not less than 1 —
2 exp(—cad).

Design of the Signal Reconstruction Algorithm: In view
of the sparsity of the signal, the recovery problem of the
observation model (23) can be recast as follows:

2)

min [|xlg,, s.t. [z —Dx| < C (25)
xeRm

where C measures the magnitude of noise with ||¢|| < C.
The following lemma from [43] measures the deviation
between the recovered and true signals.

Lemma 6: Let s satisfy 835 + 3845 < 2 where 83 and
845 are defined in Definition 3. Then the recovered
signal x* derived from solving the convex optimization
problem (25) obeys

e -] = i

where the constant C; may only depend on d4;.
Remark 9: As illustrated in the proof procedure in [43],
the constant C; can be taken as 4/(/3(1 —d45) —
T+ 6835), which is positively related to &84. In
Lemma 6, it is demonstrated that the recovery of the
signal is stable. That is, small noise ¢ can only result in
small derivations between the recovered and true signals.
Furthermore, the signal can be exactly recovered when
the noise is zero.

APPENDIX B
PROOF OF LEMMA 3
Combining (5) and (6) and the well-known matrix inversion
formula (see, e.g., [46, Theorem 1.1.17]), we have for any
k€ lzph+ 1, (zp + 1)h]
-1

n n
g _
Py = Zaji,m(k—l)PkJ < Zaji,m(k—l)Pk,j

j=1 j=1
n
= Zaji,m(k—l)(Pk,j - E) + E
j=1
—1 —1 T -1
= Zaji,m(kq)(Pk_lJ +7; wk—l,jfpk_l,j) + %
j=1

<> djime-1yPe-1j+ 2. (26)
j=1

Then, recursively, we have

n n
Pri < Zaﬁ,m(kq) (Z atj,m(kZ)Pk—Z,t> +2%

j=1 t=1

n
=Y ATNG D) Prgj+ 2%
i=1

11

=T 00 P - )7

<ZAkh, ) Poy j+ WS 2 W(ph k- 1).

Hence, by the above inequality and the matrix inversion
formula, we obtain

" -1
—1 —1 T

> aﬁm(k)(”k,,- +7 <Pk,j<ﬂk,j)

Jj=1

= Z %ji, m(k)(

= Z ajim(o Vi (o' k — 1)

(o k= 1)+ r gl )
,0 T Ok,jPr.

j=1
Z Wi (oh' k — Vo joy Vi (oh' k — 1)
— aj
) T opjYi(ph' k= D j
= \y-(ph’ k)
_ Za (ol k= Dgr g% ok k= 1)
ji.m(k) rj+ o Wil k — D
i(Ph/» k)
n Wj(ph' k—1) ﬁnfkjllz Yol k1)
a.. )
< jim(k) (7 + 1) (1 + Amax (Wj (0l k — 1))

Hence, by the above inequality and (26), we have

Pig1,i <+ Wi(ph', k)

2": Wyloh k1) ﬁl/«aikﬂz i (ph', k= 1)
= GO (1 + A (Y (0H k= 1))

27)

For constants a;, b; > 0, by C,- and Schwartz inequalities, it
is obvious that Y7L a;b; < 31, @; > I bj. Moreover, when
setting a; = (cj/d;), bj = d; with ¢; and d; being positive
constants, we have ij:l (cj/d) = ([Zj’.":1 cj]/[Zj'.":1 d;)).
Recall the definitions of W;(ph',k) and W'(ph’). Hence,
W;(ph', k) < W'(ph') holds for any k > 0 and i € V. Also we
have

tr(é Wi, k))

n
=t Y [ DAL G P+ HE

i=1 \ j=1

n
= tr nh/E =+ prh’,j
j=1

= nh'tr(2) + tr(Pyy). (28)

For k € [zph + 1, (zp + 1)h], we have by (27) and (28)
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n
tr(Py1) =tr| Y Pryr
i=1 [1]
n
< ntr(T) + tr Z Wi(ph', k) 0]
i=1
T
2 o Pk jPr i
—tr i y Qi m(k) WAGAL 1)I“L”‘/’k,jllz L3]
ji,m
=5 (rj + 1)(1 + Amax (Yj (o', k — 1))
= n(h + 1)tr(2) + tr(Pyy) (4]
T
2 r Pk Pk
) tr<l11j (ol & 1>—1+|¢k.,«|2>
53 |
= (5 D)1+ Amax (¥i0H, k = D))
< n(h + 1)te(D) + tr(Pyy) (6]
Y e w2 (pn, k- 1)—“”‘”“’21’
j=1 1 F e g 2 (7]
31 (7 + D) (14 Amax (U501, k = 1))
tr(Pow) (8]
< n( 4+ 1)te() + tr(Pyy) — ————
< n(l + 1)tr(2) + tr(Pow) TV (oI)) N
T
n 20 .10 1 Pk P
s (o 1) 2 )
St (1) - S (14 Ama (9500, k= 1)) o
tI‘(P h’)
< n(l 4+ 1)te() + tr(Pyy) — ———1— 11
—n( + )I'( )+ r( Ph) tr(W’ (ph')) (1]
T
" tr(@ o k-1 &)
. Zj—l J ( )l_’_”waHZ (2]
n Yy (rj A+ 1) (A4 Amax (W (0h)))
13
Adding both sides of the above inequality yields 3]
(zo+1)h [14]
Ty = Z tr(Pr+1)
k=z,h+1 [15]
< nh(K + 1)te(2) 4 hte(P ) — htr(Pyy)
(zp+1)h n 2 / ‘/’k-j‘ﬁl}-.' [16]
tf(quphﬂ 2 Wi (ol k= 1) 528
nh Y (1 + 1) (1 + Amax (W (ph))) - tr(W' (ph')) [
= (1 = bps1)hte(Pyy) + nh(h + 1) ().
(18]
Again, for the first term of the above equation, since P,y j <
S AP 4 Pt + (ol — k= 1T, we obtain o
(zp-1+1)h p
he(Pow) = > Y (P ) [20]
k=zp,_1h+1 j=1
1
<T,+ Enh(k/ + l)tr(E) [21]
and [22]
3
Tpr1 < (1= bp1)T, + Enh(h + 1)tr(T) 23]

= (1 =bp+1)T, +d, p=0.
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