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Abstract: Inspired by the random packet dropout problem widely existing in the networked
control systems, we investigate the stability of Kalman filter with random coefficients. We
present an excitation condition about the regression vectors to establish the L,-stability and
L,-exponential stability of random Riccati equation. Furthermore, we prove the stability of the
error equations of Kalman filter under the excitation condition and some conditions on the
system matrix and noises, without relying on any stationarity or independence assumptions

about the regressors.
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1. INTRODUCTION

Kalman filter ( R. E. Kalman (1960); T. Kailath, A. H.
Sayed, B. Hassibi (2000)) is widely used to estimate the
states and the parameters in many practical engineering
systems (cf., L. Shi, M. Epstein, A. Tiwari, R.M. Murray
(2005); Q. S. He, C. Wei, Y. Z. Xu (2017)), such as guid-
ance and navigation of vehicles, signal processing. The in-
vestigation of the stability and optimality of Kalman filter
and its variants attract much attention of researchers for
several decades. With the development of communication
and computation, Kalman filter has also great importance
in networked control systems, and correspondingly the
theoretical study of Kalman filter brings more and more
challenge to us.

For the deterministic linear time-invariant systems, a clas-
sical result is that the iterative Riccati equation converges
to a steady state under some detectable and stabilizable as-
sumptions. More results about deterministic situation can
be found in the paper by J. Deyst, C. Price (1968). How-
ever, for the networked control systems, data transmission
over networks may be randomly dropped or delayed due to
the malicious network attacks or the limited computation
ability at the sensors, which leads to random evolution
of regression vectors. The theoretical results for the de-
terministic systems can not be used to deal with such a
case since the deterministic hypotheses are unsuitable for a
general stochastic model as pointed out by Guo (1990). In
order to provide theoretical illustration for the feasibility
of Kalman filter in a random framework, a large number of
literature has been devoted to the study of the properties
of Kalman filter, for example, the boundedness of the
estimation error covariances for system with independent
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and identically distributed (i.i.d.) packet dropouts (cf., B.
Sinopoli, et al (2004); A. S. Leong, D. E. Quevedo, D. Dolz,
& S. Dey (2019)), and Markovian packet dropouts (cf., K.
Y. You, M. Y. Fu, L. H. Xie (2011); H. Lin, J. Lam, Z. D.
Wang, & H. Lam (2019); M. Y. Huang, S. Dey (2007); L.
Xie, L. H. Xie (2019)).

To the best of our knowledge, very few results are ob-
tained concerning with a general stochastic process(cf., P.
Bougerol (1993); V. Solo (1996)). But these papers require
that the regression vector and system matrix satisfy the
stationarity assumptions. For the case where the system
matrix is taken as the identity matrix, Guo (1994) estab-
lish a general excitation condition to guarantee the stabil-
ity of Kalman filter without relying on the independence
and stationarity assumptions of random regressors. The
concept of stochastic observability was proposed by Wang
and Guo (1999) for the general system matrix, under which
the stability of Kalman filter with random coefficients are
established. However, the stochastic observability condi-
tion proposed by Wang and Guo (1999) is not valid, even
for the i.i.d. packet losses.

In this paper, we focus on the case where the system matrix
A is deterministic and time-invariant, and the regression
vector ¢y, is a random vector. It is clear that the framework
studied in the current paper can include the system with
random packet losses. We extend the excitation condition
proposed by Guo (1994) for the standard linear regression
system to the model with the system matrix A, under
which the L,-stability and L,-exponential stability of
random Riccati equation can be established. Furthermore,
the stability of the error equations of Kalman filter can
also be obtained under the excitation condition and some
conditions on the system matrix and the noises. We remark
that the excitation condition in this paer is weaker than
the so-called stochastic observability condition proposed
by Wang and Guo (1999).

2405-8963 Copyright © 2020 The Authors. This is an open access article under the CC BY-NC-ND license.
Peer review under responsibility of International Federation of Automatic Control.

10.1016/j.ifacol.2020.12.2514



2398

The remainder of this paper is organized as follows.
We first introduce some notations and preliminaries on
Kalman filter in Section 2. The main results including the
conditions for stability of Kalman filter are presented in
Section 3, followed by some conclusions in Section 4.

2. PROBLEM FORMULATION
2.1 Some Preliminaries

In this paper, we use X € R™*™ to denote an m X n-
dimensional matrix. For a matrix X, || X| denotes the
Euclidean norm, i.e., | X|| = (Amae(X XT))2, where the
notation 7' denotes the transpose operator and Apax(-)
denotes the largest eigenvalue of the matrix. Let A € R"*"
and B € R" " be two symmetric matrices, then A > B
means A-B is a positive semidefinite matrix. In order

to proceed our discussions, we need to introduce some
definitions (see, Guo (1994)).

Definition 1. A random matrix sequence {Aj,k > 0}
defined on the basic probability space (€,.%#, P) is called
Ly-stable (p > 0) if sup,>q E[|Ax[|? < oco. We define

|Akllz, = (EHAka)% as the Lp-norm of the random
matrix Apg.

Definition 2. A sequence of n x n random matrices A =
{Aj,k > 0} is called L,-exponentially stable (p > 0) with
parameter A € [0, 1), if it belongs to the following set

SP(A):{A:H f[ Al < M VE >

i=j+1

Lp
Vi >0, for some M > 0}.

For convenience of discussions, we introduce the subclass
of S1(X) for a scalar sequence a = {ag, k > 0}:

k
S0(\) = {a tar € [0,1), B [ ai < MN9 vk > j,
i=j+1

Vi >0, for some M > O}.

Remark 1. Tt is clear that if there exist a constant ag €
[0,1) such that ar < ag, then {ar} € S°(ap). More
properties about the set SY(\) are introduced by L. Guo
(1993).

Definition 3. Let { Ay} be a matrix sequence and {b;} be
a positive scalar sequence. Then by Ay = O(b;) we mean
that there exists a constant M > 0 such that

| Ag]l < Mby, ¥k > 0.

2.2 Kalman Filter

In this paper, we consider the following discrete-time linear
dynamical system:

{ 041 = Ay + w4 1)
Yk = @i O + vk
where 0, € R"(k > 0) is the state to be estimated

and A € R™ ™ is a deterministic matrix, y; is a scalar
observation and ¢y, is an n-dimensional random regression
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vector, {wy, vk, k > 0} is an independent noise process and
satisfies:
E(wyw]) =Q >0, E(v}) =R >0, E(vywl) = 0.

The initial condition 6 is a random vector with mean éo
and covariance matrix P} > 0, and is independent of the
sequence {wy, vk, k > 0}.

First, let us define

6, £ E(0x|F1-1), O = E(0x|F2),

P2 B((0;, — 61,) (6} — 0,)" |- Fi—1),

P 2 E((0), — 01)(0r — 6,)"|.71)),
where Z, 2 o{y;, pi,i < k}.

Then the Kalman filter algorithm of system (1) can be
stated as follows (cf., G. Welch, G. Bishop (2000)).

State prediction process:

0., = Aby, (2)
P, ,=APA" +Q, (3)
Measurement update process:
Pl =P + R, (4)
6 =6} + Li(yx — ¢4 07), (5)

Ly = Ppr(ei Pipr +R)71
Remark 2. From the above Kalman filter algorithm, we
obtain the following random Riccati equation,

Pl = A(I — Ly} ) P(I — Lip})" A" + Qi (6)
with Qp = ALkRLgAT + Q.

What we concern in this paper is the L, stability of the
random Riccati equation. Our purpose is to establish the
conditions on the regressors {¢} and the system matrix
A to guarantee the boundedness of the random process

{P}-
3. STABILITY OF KALMAN FILTER
3.1 Ly,-Stability of Random Riccati Equation

In this section, the L,-stability of random Riccati equation
is analyzed. To this end, we first introduce the following
preliminary assumptions.

Assumption 1. The system matrix A is invertible.

Assumption 2. (Excitation Condition) There exists an
positive integer h such that {1 — A\x} € S°()\) for some
A € (0,1), where Ay, is defined by

1
2B
/\k Amm{ |:].+h

with

G((k+1)h, I-ch)|,%€h_1] } ,

(k+Dh—1, . .
Z (AT oy ol AT—kR
1+ [|pf Ai=kh|2

G((k+ 1)h, kh) £
i=kh
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Remark 3. 1t can be proved that the following two typical
cases satisfy Assumption 2,

i) The regression vector {¢x, k > 0} is deterministic time-
invariant, and (A, ¢y) satisfy the observable condition.

ii) The regression vector {¢py,k > 0} is generated by an
i.i.d. packet dropout with some observable conditions.
Assumption 8. The norm of the system matrix A satisfies

—1 1
25 || A||2 - \Fe2 G m < 1 for some p > 1,
where n is the dimension of 0, A and h are defined in
Assumption 2.

Remark 4. Wang and Guo (1999) proposed the following
random observability condition, for any € > 0, there exists
0 > 0 such that

k+ho
P {Amm [Z (AM)Tcpwa”“] <
k+1

g\k—l} < 6,(7)

where hgy is an integer. We can prove that under the
condition supy, E|lpk|Fr_1||* < oo, the above random ob-
servability condition implies Assumption 2, which means
that Assumption 2 is in some sense weaker than (7).

To proceed our analysis, we first introduce two lemmas.

Lemma 1. (Guo (1994)) Let {1 — 8.} € S°()\), and B, <
B < 1, where 8 is a positive constant. Then for any
g€ (0,1), {1 —eBy} € SONI-P)),

Lemma 2. (Guo (1994)) Let {2z, %} be an adapted
process with z,, > 1, and

2
Zmtl < Omg1Zm + Mmt1, m >0, Ezy < oo,

where {a;,, %} and {n;,, F,} are two adapted nonneg-
ative process with properties:

Qm > €9 >0, Vm,
E[nfnﬁ-l"gm} S N < 00, Vm,

k
I Elos i)l Zm| < Mn* =941 VE > j, V),

m=j

where g9, M, N and n € (0,1) are constants. Then we have

k

@) T[] em| <Migs®=740 vk >4 vj;
=j Lo

(ii) sup E||zm|| < oc;

(441 {1 - Zlk} e S°(\) for some A € (0,1).

Remark 5. In Lemma 2, for the conclusions of (i) and (%),
the condition z,, > 1 is not critical because we can use a
new process {z,, + 1} to substitute {z,,}.

Theorem 1. Let {P,} be generated by (6), then under
Assumption 1, we have

i1 < (1= G 1) [ AP T + ba. (®)

where

2399

(m+1)h—1
Tm+1 4 Z 15,’,(“4mh—(k+1)—F)k/:+1(‘(4'rnh—(k-"—1))T)7
k=mh
T, = o,

G A tr[(Smn,n)2G((m + 1)h, mh)]
T W1+ R (Smn) L+ Amax(Smnn)]
h
Spnn & P+ ) _ATQ(AT)T,

Jj=1

ba =

h h
[y AIQ(AN)T] +20 > tr[ATIQ(AT)T].

Proof. Note that by (4), we get P, < P/. Combining this
with (3), we have for any k € [mh, (m + 1)h — 1],

P, <AP, AT +Q
<AAP, , AT +Q)AT +Q
= A’P[_,(A*)" + AQA" +Q

< Ak—thT/nh(Ak—mh)T
k—mh
+ Z Akfmhij(Akfmhfj)T (9)
j=1

< Ak_thr/nh(Ak_mh)T

h
+2Ak7mh7jQ(Ak7mh7j)T.

Jj=1

(10)

For convenience, we denote
1 _ k—mh p/ k—mh\T
Sk,mh =A th(A ) )

h
Slg,mh _ Z Akfmhij(Akfmhfj)T'

j=1

Then by (10), we have

/ 1 2
P, < S+ Sk

Hence by the matrix inverse formula, we have

Pl =AF " +orR 7 0p) AT+ Q
< A[(Skmn + Skmn) "t erR o]t AT +Q
= Sli+1,mh + SI%Jrl,mh +Q —
A(Sp n + Slg,mh)S"k‘PZ(S/i,mh + Sl%,mh)AT
R+ @ (Skmn + Sinn) P '

(11)
By the definition of S, 1, it is easy to see that
Smh,h = Amh_k(sé,mh + Sl?,mh)(Amh_k)T'

for any k € [mh, (m + 1)h — 1] holds. Moreover, by (11),
we have for any k € [mh, (m + 1)h — 1]
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A™h— (k+1) (Amh (k+1))

<S,nn+ Amh (k+1)Q(Amh (k+1))T
o Smh,h(Akimh)T‘Pk‘PgAkithmh,h
R+ SogAkfthmh’h(Akfmh)Tgok
h
S SnLh,h + Z AijQ(Aij)T

j=1
Akfmh)T

LPkQOTAk mh

el A= 2
(1+R)- X
h
< Spnn+ > ATQAT)T
j=1
Ak n7h)T

Smh,h ‘mh,h

max(Smh,h)

Py AT
1+[lpy AR —mh]|2
(1 + R) (1 + /\max(smh,h))
htr(P. )
htr((Smh,h))
Summing both sides of (12), by the definition of T4,
Sih,hy and a1, We obtain

Simh,h ‘mh,h

(12)

Tyt <htrP., — amy1htrP.,

+2thr “IQ(ANT), (13)
Again by (3) and (4), for any ¢ € [(m — 1)h,mh — 1], we
have
< Amh—(i+1)P{+1(Amh—(i+1))T
mh—(i+1)
+ Z Amhf(iJrl)7jQ(Amh7(i+1)fj)T.
Then
mh—1
htrPl,= > trPy,
i=(m—1)h
mh—1
<tr [ A" Z S(lmfl)h,iJrl(Ah)T
i=(m—1)h
mh—1 mh—(i+1)
+tr< Z Z Amh= (i) =]
i=(m—1)h  j=1
. Q(Amh—(i+1)—j)T>
h
< AP + htr(Y_ A7Q(AY)T).
j=0
Substituting this into (13), we obtain the results of the
theorem. ]

Theorem 2. Under Assumptions 1-3, the random Riccati
equation defined in (6) is L,-stable, i.e., sup;q E|| P[P <
00.

Proof. If ||A|| < 1, then by (3) and (4), it is easy to see
that
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1P < [ AP AT + Q]
< [lAIP1 P | + Il

k—1
< AP+ > IAIZQll
j=0
Q|
<Py + ——— 5 < .
1Al

If ||A|| > 1, denote

Cmi1 = 2PN (1 = amy ) || AP (tr P,
By Theorem 1, C,-inequality, (13), we have

>1)].

mh =

Ty =Th L (tr Py, > )] + Th 4 [L(tr Py, < 1)]
< [0 = @) | AP T + ba | [t PY, > 1))
+[(1 = amy1)htrP. , +balP[I(trP.,, <1)]
< [271 (0 = ) AP, + 2710
[I(trPL, > 1)) + [2P7 hP + 2P~ 1bh ]
< Cma1TE 4 (2b4)P + 2P RP. (14)
We denote ¥,,, = Fpp—1, then P, € 4,,. By the defi-
nition of a,,+; and the fact tr(Smh R)2 > n7(trSpnn)?
and FtrB = trEB for any matrix B, then we have
E(am+1|gm)

tr [(smh,h)QE[G((m n 1)h,mh)]‘gm}

AL+ R) - [14 Amax (Sun) | r(Smann)
(1 + h))\mt’l"(smh7h)2
~ h(14R)- [1 + AmaX(Smh,h)]tr(Smh,h)

(14 B)Am - tr(Sion)
B nh(l + R) . {1 + /\max(smh,h)}
(1+h)A\n

- tr(P., >1
= th(1+R) on T( mh )

Hence by the definition of ¢,,41, we have
B(chyi1lm) < E(16771(1 = apin) | A"

(P, >1) ‘g )

_ 1+ R)A
<1t (1 LA
=167l 2nh(1 + R)
[ (trPy,, = 1)]. (15)

Denote

cm+17 trP’r/nh Z 17
dmt1 = —1)| 4 12ph (L+h)Am ,

27| AYPH 1 — ————e .

I|A] (1 R) )’ otherwise

By (14), we have

Ty < dpia TH +

m

(204)P 4 2P~ AP,

Hence by (15) and the definition of dy,11, we have
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2nh(1+ R) - (16)

k
<|I11
m=j

167~ Al[*" <1 _ A4 A )

Ly

By Assumption 2, we have {1 — \,,} € S°(\) for some

A€ (0,1). Applying Lemma 1 and the fact A\, < Hih, we
. 14h) Am 1

obtain {17%} € SO(\ZR0FR ). Hence by (16) and

Assumption 3, we see that there exists a constant M such

that

k
| TT @i, <aont=t, )
. 1
m=j

where \; = 161’_1|\A||8ph)\2"h<11+R> € (0,1). By Lemma 2
(1), we have sup,,, ET? < 0.

Now, we prove the stability of random Ricatti equation.
By the definition of T,,, we have

ETf;H_l
(m+1)h—1 ,
= Z E[tr(Amhf(kJrl)Pé_H(Amhf(k+1))T):|
k=mh
(m+1)h—1
> Z E [y
[ )\ﬂ,ax(A(k+1)*mh(A(k+1)fmh)T)
(m+1)h—1
S [ Bl
Pt || A(k+1)—mh || 2p
RN L
_ Bl
S | i)
1 (m+1)h—1
> apn 2 BBl
k=mh

Hence we can obtain that supy, E||P{||P < co. This com-
pletes the proof. |

3.2 Ly-Exponential Stability of Random Riccati Equation

In this section, we establish the L,-exponential stability of
random Riccati equation.

Theorem 3. Under Assumptions 1-3, there exits a constant
)\2 c (0, 1) such that {1 — H”Q%IHHF’;”} S SO(AQ)

Proof. Denote

Tm = h+ Mal| QM| Tn,

mh—1

b= )

k=(m—1)h

where M4 = max{1, ||A||*"} and T}, is defined in Theorem
1. Then by Theorem 1, we have

[1 =+ ||Q71||trP;é+1] ;

2401

Tmi1 =h+ Ma|Q [ Trns1
<h+ MallQ7MI[(1 = ami1) | AP Ty + ba]
< (1= amp1) A" (h+ Mal|Q M| T) + b
+MalQ t|ba
= (1= amet) | A @m + b+ M| Q  ba.

Denote
(1= s [ AP It Py, > 1), trPhy, > 1;
fm-!—l = 2ph (1+h>)‘m .
AP 1 - ——— th .
| Al 20h(1 + R) , otherwise

Note that a,, € [0, ﬁ] Similar to the analysis of (17),
there exists a constant M7 and A3 € (0, 1) such that

k
H H E[ffn-&-ﬂgm]HL < M1)\§7j+1.
. 1
m=j
Then by Lemma 2 (iii), we have {1 — ﬁ} € S9(y) for
some v € (0,1). By the definition of T},

mh—1

>

k=(m—1)h

. (A(m1)h(k+1)PIQ+1(A(m1)h(k+1))T>‘|

1+ MallQ7Y|

mh—1

S

k=(m—1)h

L+ MallQ7'

>\min (A(mil)hi(k+1) (A(mil)hi(k+1))T) trP]é+1‘|

mh—1 -1 /
Ma| Q7" |[trPy 4
= Z [1 + || A|[2L0s+ D)= (m—1)A]
k=(m—1)h

mh—1

355

k=(m—1)h

[1+1Q7 trPiys] = ym-

Hence we have {1 — yim} € S°(y). Using the proof idea
of Lemma 5 given by Guo (1990), it is easy to see that
{1- WM} € S8%\y) for some Ay € (0,1), which
completes the proof of this theorem. |

Theorem 4. Under Assumptions 1-3, the sequence {A(I —
Lipl), k > 0} is Ly-exponentially stable, where p is
defined in Assumption 3.

We omit the proof of this theorem due to space limitations.

In the following, we consider the stability of the Kalman
filter. We first introduce the conditions about the initial
value 0y and noises w41 and vy.

Assumption 4. The initial value and noises satisfy the
following conditions,

El|6o” < o0, Sl;pE[llwaral + [lo|*] < co.

Theorem 5. Under Assumptions 1-4, the estimate error
0, £ 0, — 0, satisfies sup,, |01, < occ.
2
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Proof. By (2) and (5), we have

éll€+1 = ,AéllC + ALk(yk - (,O%é,,c)
Combining this with (1), we obtain the following error
equation
gllc—i-l = A(I — meg)é}c + wg41 — ALvy. (18)
Denote &x11 = wr1 — ALgvg. Then from (18), we have

k
b = [(AU = Lie]))0;
=0
k+1 k
+ Z H(A(I — Li] ))§it1-
j=1i=j

By Theorem 4 and the Holder inequality, we obtain

16541112

k
o < | TLAT-Ligh)| 16,
j=0 L,
k+1 || k

+> | [IA - L))

=1 ||i=j

€541z,
LP

k+1 )
S MATTO) + 3 MATT e,

j=1

k
=0(1)+ MY Nlér—ji2lL,
3=0
with Ay € (0,1). Then by Assumption 4, we have

1
: AR
sup; [[€;]z, < oo since || Lyl < ‘!2%) is holds. Therefore,

x>

16111, =O01) +0(1) Y N =0(1),
j=0
which completes the proof. |

4. CONCLUSION

In this paper, we studied the stability of Kalman filter
under a general random framework including the widely
investigated packet dropout problems. The theoretical re-
sults on the L,-stability and L,-exponentially stability of
Kalman filter were established under the excited condition
we proposed, without requiring on the independence and s-
tationarity assumptions on the regressors. And the bound-
edness of the state estimation error can also be obtained
under the excitation condition. Some interesting problems
deserve to be further investigated, e.g., relaxation of the
the assumptions on system matrix (Assumptions 1 and
3), performance analysis of the Kalman filter under this
general framework, and the extension to the distributed
Kalman filter.
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